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First, the observed CO2 level in the atmosphere, recorded by NOAA [1] at the 
Mauna Loa observatory, and the global industrial CO2 emissions, reported by EDGAR 
[2], European Commission, are investigated, from 1990 until 2021. Then, a differen-
tial equation model is developed, based on two hypotheses, that explains how these 
time series interact. The hypotheses of the explaining model are tested with regres-
sion analysis, and it is demonstrated that no hypothesis can be rejected on statistical 
grounds. The parameters of the CO2 concentration model are determined with high 
t-values and low p-values. The model is used to determine the time path of the CO2 
concentration of the natural system without industrial emissions, for arbitrary initial 
conditions. This system has a unique and stable equilibrium at 262 ppm. With con-
stant industrial emissions, the equilibrium is found at a higher level, which is shown 
with an explicit equation. Comparative statics analysis shows how the equilibrium is 
affected by alternative parameter adjustments. An extended version of the natural 
differential equation, with a forcing function, representing the time paths of industrial 
emissions, is developed. The industrial emissions are modeled as a quadratic function 
of time. The general function of the time path of the CO2 concentration of the natural 
system under the influence of industrial emissions, is determined for arbitrary initial 
conditions and parameters of the industrial emission function. 

The CO2 time path function is analytically verified. Then, it is also empirically 
tested and found to be able to reproduce the historical CO2 observations with high 
precision. Then, the time paths of the future CO2 concentrations are calculated, for six 
alternative levels of change of the industrial emissions, from -1.5 Gt/year to +1.0 Gt/
year, from the year 2022 until 2100. These results are presented as a function and as 
graphs. The net CO2 emissions can also be reduced over time, if forestry is gradually 
intensified. The rational intensity of this investment process is determined, taking 
the time path of the CO2 level into consideration, during an arbitrary time interval. An 
explicit function for the optimal forestry intensification level, based on all CO2 time 
path function parameters, the marginal cost of the CO2 concentration, time interval 
parameters, rate of interest and different cost function parameters, is derived and 
presented.
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Introduction
Rational management to avoid global warming is complicated. 

International cooperation and rational decisions are obviously nec-
essary in this process. Our world however presently faces several 
severe conflicts and sources of instability. The problem areas are 
connected and interdependent in several ways. We observe large 
scale geopolitical tensions with local and global disturbances such 
as the covid-19 pandemic, the war between Russia and Ukraine, 
large streams of refugees, global warming and expanding wild fires. 
Europe, presently dependent on large imports of Russian fossil fu-
els such as oil, gas and coal, is intensively investigating new ways to 
simultaneously increase energy independence and to reduce future 
global warming. The technology options of energy systems and en-
vironmental problems rapidly develop. International control, such 
as global taxes on CO2, are discussed and environmental initiatives 
of many kinds, such as investments in solar power and wind power, 
are made in many regions. Combined heat and power, CHP, based 
on combinations of waste and forest fuels, expands in the Nordic 
countries. New ways to continuously and sustainably manage the 
global forest resources have been developed that not only optimize 
profits but also contribute to the CO2 management problem. Fur-
thermore, carbon capture and storage can make several kinds of 
energy systems sustainable. Global warming, and the CO2 concen-
tration, are fundamentally linked via the greenhouse effect of the 
gas CO2. 

A study of the past development of the CO2 concentration in the 
atmosphere, included in this paper, is very important to get a per-
spective on the dramatic development. The key to rational future 
climate management, is to understand the options to control the fu-
ture CO2 concentration via different methods. Brown, et al. [3] pre-
sented several ways to manage forests to mitigate CO2 emissions. 
Some of these methods were to reduce the speed of deforestation, 
to change harvesting regimes, to protect forests from disturbances, 
to increase the area and density of forests, to increase substitution, 
for instance to let forest fuels and forest products replace fossil-fu-
els and products based on them. They estimated the sizes of the ar-
eas where these methods could be used. Then, they derived the at-
mospheric CO2 effects of these forestry methods and estimated that 
these were equivalent to 11-15% of the fossil fuel emissions. The 
costs of the different methods were also estimated in $US per Mg 
C. The article by Brown, et al. [3] certainly is impressive. It handles 
several relevant questions and gives concrete solutions. Later, sev-
eral other authors continued to investigate these problems. Favero, 
et al. [4] essentially came to similar conclusions, for instance that 
expanded use of wood for bioenergy will result in net carbon bene-
fits. They also touch upon the public debate, which contains several 
aspects on the roles of forests. Forster, et al. [5] investigate the same 
problems, but also build the analysis on real data connected to the 
UK national planting strategy. 

They find that commercial afforestation can deliver effective 
green house gas mitigation that is robust to future decarbonization 
pathways and wood uses. Holmgren [6] focuses on similar topics 
but builds the analysis using forest sector data from Sweden. He 
is very critical towards the current public forest debate and the 
EU-level forest policy development. These mostly advocate reduced 
harvesting in order to increase the carbon contents of the forests. 
However, Holmgren [6] finds that “no climate advantage was found 
for no-harvest or reduced-harvest scenarios, despite commonly ex-
pressed views in the debate”. The conclusions by Holmgren [6] are 
rational, when we consider the articles by Brown, et al. [3-5]. Sim-
ilar conclusions can be found also in other studies. Lohmander [7] 
concludes: “If the relative weight of the utility of the climate increas-
es, the optimal area of natural forests that should be transformed to 
managed continuous cover forests increases.” Lohmander [8] writes 
that if the area of active forest management increases, the area cov-
ered by forests in dynamic equilibria with net CO2 absorption close 
to zero, decreases. He also formally proves that: “If it is considered 
more important to avoid global warming, then we should increase 
the use of forest energy inputs and decrease the use of fossil energy 
inputs in the combined heat and power industry. This was proved 
with a general function model that was not dependent on particular 
numerical parameter values. 

The derived results contradict the common opinion that the 
best way to use the forest with consideration of global warming, 
is to maximize the stock level in the forest, and if possible, to com-
pletely stop harvesting. A compact and fundamental theory of the 
CO2 level in the atmosphere, under the influence of changing CO2 
emissions, was developed as a first order linear differential equa-
tion with a forcing function, describing industrial emissions, by 
Lohmander [9]. The general mathematical methods of such anal-
yses are found in Braun [10]. Observations of the CO2 level at the 
Mauna Loa CO2 observatory, NOAA [1], and official statistics of glob-
al CO2 emissions, from EDGAR [2], the Joint Research Centre at the 
European Commission, were used to estimate all parameters of the 
forced CO2 differential equation. The estimated differential equa-
tion was used to reproduce the time path of the CO2 data from Mau-
na Loa, from year 1990 to 2018, with very small errors. With that 
differential equation model, the global CO2 level, without emissions, 
has a stable equilibrium at 280 ppm. This value has earlier been 
reported by IPCC, in Solomon, et al. [11], as the pre-industrial CO2 
level. Reduced global industrial emissions of CO2 can solve a large 
part of the global warming problem, as reported by Lohmander [9], 
and intensified forestry can absorb considerable amounts of CO2, 
along the lines found in many of the articles discussed above. 

As mentioned by Holmgren [6], the current forest debate is 
however often skeptical towards intensified forest production, even 
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if that can solve parts of the climate problems. A main reason for 
this attitude frequently is the implicit assumption that intensified 
forest production has to be based on clearcutting (simultaneous 
harvesting of all trees) and other environmentally disturbing for-
estry methods. In many countries, commercial forestry based on 
clearcuts is and has been the dominating forest management meth-
od for a long time. Recently, however, new research in the area of 
forest production has made it possible to understand and optimize 
forest management based on continuous cover forestry. (With such 
methods, the forest always contains trees of different sizes. The 
largest trees are periodically harvested and the smaller trees are 
left in the forest to continue to grow.) Hatami, et al. [12,13] are two 
studies where the growth functions for individual trees have been 
developed. With such functions, it is possible to mathematically 
develop economically and environmentally rational continuous 
cover forestry decision rules. These rules can also be optimized to 
handle the global warming problem. Our world is covered by large 
areas of primary (natural) forests that are almost not managed at 
all. They do not contribute very much to the net absorption of CO2. 
(The reason is that the old trees sooner or later die, fall in storms or 
burn in fires. Then, the CO2 stored in these trees is released to the 
atmosphere.) 

Large parts of these natural forests may be transformed to con-
tinuous cover forests, which means that the net absorption of CO2 
increases so that the CO2 level in the atmosphere can be further re-
duced. This transformation can be made without severely damag-
ing the environmental conditions. We may define an optimization 
problem with two objectives with different weights in the objec-
tive function. These objectives can be the economic present value 
of profits and the utility of the climate. The optimal transformation 
of natural forests to managed continuous cover forests is then af-
fected by the relative weights of the utility of the climate and of the 
present value of the profits. If the relative weight of the utility of the 
climate increases, the optimal area of natural forests that should be 
transformed to managed continuous cover forests increases. Sever-
al concrete results were reported in this area by Lohmander [7,8]. 
Forests, sensitive to fires, cover large parts of our planet. Rational 
protection of forests against fires, forest fire management, is a very 
important topic area. Global warming affects fires and fires affect 
global warming via CO2 emissions. Forest fires cause severe prob-
lems in many countries. Forest fire areas in nine European coun-
tries were investigated by Lohmander [14] with respect to yearly 
averages, standard deviations and correlations between nations. 
In the region IFPS (Italy, France, Portugal and Spain), the average 
yearly burned area during the years 2010 to 2018 was 313.4 kha 
and in FGLNS (Finland, Germany, Latvia, Norway and Sweden) the 
corresponding area was only 7.6 kha. 

The correlations between the regions are strictly negative and 
the correlations within the regions are strictly positive. Since for-

est fires usually do not occur in every country at the same time, 
there is a potential expected gain from international cooperation, 
where easily mobile firefighting resources such as water bombing 
airplanes are moved between nations. A general stochastic dynamic 
programming approach to adaptive moves of such resources was 
defined and suggested. It was demonstrated that the expected ob-
jective function value, the expected present value of total costs, is a 
strictly increasing function of the fire correlation between nations. 
Adaptive moves of mobile resources between the regions IFPS and 
FGLNS have the advantage of negative correlations between these 
regions. Some adaptive moves can also be motivated within the 
regions even with positive correlations, thanks to the low costs of 
short moves. The average relative burned areas have been stud-
ied by Lohmander [15], as a function of different conditions, in 29 
countries. Detailed international statistics of forest fires, were used 
as empirical data. A multivariate fire area function with empirically 
very convincing statistical properties was defined, tested, and es-
timated. Future fire areas were predicted for 29 countries, condi-
tional on three alternative levels of global warming. Global warm-
ing was predicted to make future forest fire problems more severe. 
A methodologically connected study, based on detailed empirical 
data from Czech Republic, was also published by Mohammadi, et 
al. [16].

The probabilities of long dry periods and strong winds are in-
creasing functions of a warmer climate. Heat, dry conditions and 
strong winds increase the probabilities that fires start. Further-
more, if a fire starts, the stronger winds make the fires spread more 
rapidly and the destruction increases. Under the influence of global 
warming, we may expect more severe problems in forestry caused 
by wild fires. For all of these reasons, Lohmander [17] investigated 
and optimized the general principles of the combined forestry and 
wild fire management problem. In this process, we should integrate 
the infrastructure and the firefighting resources in the system as 
decision variables in the optimization problem. First, analytical 
methods were used to determine general results concerning how 
the optimal decisions are affected by increasing wind speed, and 
implicitly, increasing temperature. The total system was analyzed 
with one dimensional optimization. Then, different combinations 
of decisions were optimized and the importance of optimal coordi-
nation was demonstrated. Finally, a particular numerical version of 
the optimization problem was constructed and studied. The main 
results, under the influence of global warming, were the following: 
In order to improve the expected total results, we should reduce 
the stock level in the forests, increase the level of fuel treatment, 
increase the capacity of firefighting resources and increase the den-
sity of the road network. The total expected present value of all ac-
tivities in a forest region are reduced even if optimal adjustments 
are made. 
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These results were derived via analytical optimization and 
comparative statics analysis. They have also been confirmed via a 
numerical nonlinear programming model where all decisions si-
multaneously were optimized.

In order to reduce the CO2 emissions, it is important to be able 
to stop fires before they have become too large. The time to reach 
the fire strongly affects the size of the burned areas. For this reason, 
the distance between fire stations is an important decision variable, 
that should be optimized. This is studied by Lohmander [18]. He 
proved that the optimal distance is a function of several conditions 
that differ between regions and seasons. The optimal distance is a 
strictly decreasing function of the expected number of fires per area 
unit, a strictly increasing function of the speed of the fire engines, 
a strictly decreasing function of the parameters of the exponential 
fire cost function, and a strictly increasing function of the cost per 
fire station. Several of the connected principles and results were 
summarized and presented in Lohmander [19]. The present analy-
sis is founded on ideas and results from several recent articles that 
have never before been treated in combination. 

As a first step, the model and the results from Lohmander [9] 
are extended and updated, via an increased number of empirical 
observations, a more detailed statistical analysis and a more de-
tailed dynamic analysis. 

The analysis in this paper, “B”, is based on another method than 
Lohmander [9], “A”. 

In the earlier study, A, the parameters of the CO2 differential 
equation were calculated from a very small number of averages 
of empirical observations, via basic linear algebra. In the present 
study, B, however, a full statistical regression analysis was used to 
estimate the parameters of the corresponding differential equation. 
Hence, the number of observations is much higher in B than in A, 
where only period averages were used as simple data.

When we want to apply the CO2 differential equation, in order 
to predict future values, and in particular to optimize emission re-
duction decisions and forestry expansion decisions, it is very im-
portant to know how well we can trust the estimated parameter 
values. With the statistical method used in the present study, B, we 
obtain and report standard errors and P-values of the estimated pa-
rameters of the CO2 concentration differential equation. In the ear-
lier study, A, no such results were calculated and reported, because 
the method applied in A could not give any such estimates. So, now, 
for the first time, we obtain important new information about the 
parameters that has earlier not existed. The present analysis, B, is 
based on longer time series of empirical data than A, since new data 
have become available over time. We are living in a world of global 
warming and every new piece of information is important. Hence, 
the new functions in B should be expected to be a more relevant 

and reliable than the functions in A. It will be seen that, with the 
function estimated in this study, B, the estimated equilibrium CO2 
value without industrial emissions, is 262 ppm, and not 280 ppm, 
as reported in the earlier study A. 

Hence, “B” should give a new, more relevant, and more reliable, 
perspective on historical observations of CO2 levels, compared to 
A. Alternative levels of industrial emission scenarios from 2022 to 
2100 will be defined and the consequences for the time paths of the 
CO2 concentration in the atmosphere will be determined. Further-
more, the optimal expansion of active forest management, under 
the influence of global warming, will be determined, in the form of 
an explicit function. This study, B, contains several central problems 
and analyses that are not at all discussed and/or handled in ear-
lies studies, such as A. For instance, we will see how the level of 
change of the net CO2 emissions should be dynamically optimized. 
This is done in high detail, via 35 equations. It is shown how this 
change depends on industrial emissions and expansion of forest-
ry activities. It is shown that the optimal solution under the de-
scribed assumptions gives a unique maximum to a defined multi 
objective function, and how the optimal solution depends on the 
properties of the utility function, in which the utility of the climate, 
transformed to the utility of the CO2 level, and the different kinds of 
investment costs, are considered. The analysis leads to an explicit 
solution to the optimal decisions. This quite new result gives the 
optimal investment level in more productive and sustainable for-
estry as an explicit function of all of the parameters. Similar results 
have not been reported in earlier studies.

Materials and Methods
The empirical data used in this study contains the time series 

of the CO2 level in the atmosphere, from NOAA [1], and the time 
series of industrial emissions of CO2, from EDGAR [2]. These time 
series are found in the Appendix. In the Appendix, we also find 
some transformations of the data series, that are motivated by the 
mathematical and statistical analyses in this paper. The NOAA [1] 
data series contains one observation per year. The series in EDGAR 
[2] have longer time intervals between the observations. For this 
reason, linear interpolation is used to calculate estimated emission 
data between the reported observations. These interpolations can 
be investigated in the Appendix. The dramatic development of the 
CO2 concentration in the atmosphere is illustrated in (Figures 1 & 
2). Compare the differenced series and the connections to the in-
dustrial CO2 emissions, as illustrated in (Figure 3). In (Figure 3), we 
see three graphs of time series, representing the time interval year 
1990 until year 2120. They show the industrial CO2 emissions to 
the atmosphere, the change of the CO2 level in the atmosphere and 
the difference between these series. During the investigated peri-
od, the industrial CO2 emissions are always larger than the increase 
of the CO2 level in the atmosphere. Clearly, the CO2 level in the at-
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mosphere increases less than the industrial CO2 emissions, which 
indicates that some part of the CO2 in the atmosphere leaves the 

atmosphere, to be absorbed elsewhere. This will be investigated in 
detail, in the following analysis.

Figure 1: The CO2 concentration in the atmosphere, in the unit ppm, according to the observations from the Mauna Loa observatory. 
Source: NOAA [1].

Figure 2: The CO2 level in the atmosphere, in the unit Gt, according to the observations from the Mauna Loa observatory and 
variable transformations. Sources: NOAA [1,20].
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Figure 3: The CO2 emissions to the atmosphere, e_Gt, in the unit Gt, the change during one year of the CO2 level in the atmosphere, 
delta_x_Gt, and the yearly change of the CO2 level in the atmosphere reduced by the emissions, delta_(x-e) Gt, in the unit Gt. 
Sources: NOAA [1,2,20].

We start by modeling the “natural CO2 system”, without “exoge-
nous industrial CO2 emissions”, as the differential equation (1). The 
CO2 level in the atmosphere is x. The time derivative of x is marked 
with a dot, in the spirit of Newtonian notation. Natural emissions 
from the environment, including volcanos, are represented by 
the parameter a. Of course, a should be strictly positive. Compare 
equation (1). We assume that the natural environment, including 
the oceans, absorb some of the CO2 in the atmosphere, and that 
this absorption is proportional to the CO2 level in the atmosphere. 
This form of absorption law can be motivated, with simple physi-
cal arguments. For instance: We consider air temperature as fixed, 
which means that the velocity distribution of CO2 molecules is held 
constant. Then, if we double the number of CO2 molecules in the 
atmosphere, the number of molecules that touch the surface of the 
ocean per time unit, approximately also doubles. This makes it un-
derstandable that the absorption of CO2 by the ocean is more or less 

proportional to the concentration of CO2 in the atmosphere. Hence, 
the absorption parameter b should be strictly negative, which is 
also seen in equation (1).

, 0, 0x a bx a b
•

= + > <  (1)

In the empirical data, the time derivative of x is also affected by 
f(t), which represents the total industrial emissions as a function 
of time.

( )x a bx f t
•

= + +  (2)

We may reformulate (2) to get (3) and (4).

( ) ( ) ( )x t f t a bx t− = +
�

 (3)

In regression analysis, we estimate y(t) as a function of the pa-
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rameters a, b and the value of x(t). Compare (4) and (5) and the 
Appendix.

( ) ( ) ( )y t x t f t
•

= −  (4)

( ) ( )y t a bx t= +  (5)

The results from the parameter estimations are found in (Ta-
bles 1 & 2).

Table 1: Estimated regression parameters when the unit of x(t) is Gt. y(t) and the time derivative of x(t), have the unit Gt/year. The 
parameters have five value figures in this table. All of the regression results and the data are found in the Appendix.

Parameter Estimated Value Standard Error P-value

a 32.168 14.475 0.034225

b -0.015712 0.0048623 0.0030619

Table 2: Estimated regression parameters when the unit of x(t) is ppm. y(t) and the time derivative of x(t), have the unit ppm/year. 
The parameters have five value figures in this table. All of the regression information and the data are found in the Appendix.

Parameter Estimated Value Standard Error P-value

a 4.1218 1.8548 0.034226

b -0.015712 0.0048623 0.0030619

In case the industrial emissions would be constant and equal to 
fc, then in CO2 equilibrium, xc, equation (6) is satisfied, which leads 
to (7).

( )0 ( ) 0c ct
x f t f a bx f
•

∀

 = ∧ = ⇒ + + = 
   (6) 

( )c
c

a fx x
b
+

= = −
 (7) 

Without industrial emissions, the equilibrium is (8).

0| ( ) 0c c
ax f
b= = − >

 (8)

We can now use equation (8) to determine the equilibrium val-
ue of the natural system. When we use the unit Gt, as in (Table 1), 
we get the result in equation (9). 

0

32.168 2047.4( )
( 0.015712)c

c f
x Gt

=
= − ≈

−  (9)

If we use the unit ppm, as in (Table 2), we get the result in equa-
tion (10).

0

4.1218 262.33( )
( 0.015712)c

c f
x ppm

=
= − ≈

−  (10)

Following the principles by O Hara [20], the following transfor-
mation rules have been applied: 1 ppm (CO2) can be transformed 
to 2.13*3.664=7.80432 Gt CO2. 1 ppm by volume of atmosphere 
CO2 =2.13 Gt C. 1 g C=0.083 mole CO2 =3.664 g CO2. Hence, we may 
change units, and go to the unit ppm from the unit Gt, if we divide 
the figure in Gt by 7.80432.

In equation (11), we find that the ratio is very close to the cor-
rect figure, also if we only use five value figures.

0

0

( ) 2047.4 7.8047
( ) 262.33

c

c

c f

c f

x Gt

x ppm
=

=

≈ ≈
 (11)

Comparative statics analysis of the CO2 equilibrium with con-
stant emissions: 

If the CO2 level in the atmosphere is in equilibrium and the ex-
ogenous industrial emissions are constant over time, for instance 
zero, then equation (12) is satisfied.

( , , , ) (.) 0c c c cG a b x f x a bx f
•

= = + + =  (12)

Total differentiation of the equilibrium condition gives (13).

0c c cdG da db x b dx df= + × + × + =  (13)

First, we study how the CO2 equilibrium level in the atmosphere 
changes if the natural emissions increase. This is found in equation 
(14). Equation (15) follows.

( 0) ( 0)c cdb df da b dx= = ⇒ + × =  (14)

cb dx da× = −  (15)

As we see in (16), the equilibrium CO2 level in the atmosphere 
is a strictly increasing function of the level of the natural emissions. 
The value of b, reported in (Tables 1 & 2), combined with equation 
(16), can be used to derive an explicit numerical value of the deriv-
ative.
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1

0

0
c

c

db df

dx b
da

−

= =

= − >
 (16)

The effect of changes in the absorption coefficient b on the 
equilibrium CO2 level in the atmosphere is studied in equations 
(17) and (18). 

( 0) ( 0)c c cda df db x b dx= = ⇒ × + × =  (17)

c cb dx db x× = − ×  (18)

If b increases, the absorption decreases. As we see in (19), the 
CO2 equilibrium level in the atmosphere is a strictly increasing 
function of b, which means that it is a strictly decreasing function of 
the natural absorption level.

1

0

0
c

c
c

da df

dx b x
db

−

= =

= − >
 (19)

In equations (20) and (21), the effect of the exogenous industri-
al emission level is under analysis. 

( 0) ( 0c cda db b dx df= = ⇒ × + =  (20)

c cb dx df× = −  (21)

Equation (22) tells us that the equilibrium CO2 level in the at-
mosphere is a strictly increasing function of the exogenous indus-
trial emission level. The value of the derivative is identical to the 
value of the derivative (16). 

1

0

0c

c da db

dx b
df

−

= =

= − >
 (22)

Explicit dynamics analysis of the natural system

Now, we will derive the CO2 level in the atmosphere as an ex-
plicit function of time, in case we have a natural system, (23), with-
out any exogenous industrial emissions. 

, 0, 0x a bx a b
•

= + > <  (23)

(23) can be written as (24). 

 (24)

First, we study the homogenous equation, (25) and try to find 
an explicit solution.

0x bx
•

− =  (25)

We assume that the homogenous solution, ( )hx t has the func-

tional form found in (26). Z and λ are two parameters.

( ) t
hx t Zeλ=  (26)

The time derivative of the homogenous solution is found in 
(27).

( ) t
hx t Zeλλ
•

=  (27)

Equations (28) to (31) give the value of λ .

( )0 0t tx bx Ze bZeλ λλ
• 

 − = ⇒ − =
 
   (28)

 ( ) 0tb Zeλλ − =  (29)

( ) ( )0 0Z t bλ λ≠ ∧ > −∞ ⇒ − =  (30)

 bλ =  (31)

The homogenous solution is reported in (32). This now con-

tains one parameter that has not yet been determined, namely Z . 
Considerable efforts will be used to determine this parameter as a 
function of other relevant parameters, in the later part of this paper.

( ) bt
hx t Ze=  (32)

Particular solution

It is also necessary to determine the particular solution. We 
start with equation (33).

( ) ( )x t bx t a
•

− =  (33)

We assume that the particular solution is an arbitrary constant, 
as in (34). 

( )px t m=
 (34)

As we see in (35), the time derivative of the particular solution 
is zero.

( ) 0px t
•

=  (35)

(33), (34) and (35) give (36) and (37).

( ) ( )p px t bx t bm
•

− = −  (36)

bm a− =  (37)

(37) leads to the particular solution, namely equation (38).
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( )p
ax t m

b
−

= =
 (38)

The complete solution to the differential equation is the sum 
of the homogenous solution and the particular solution. Compare 
(39). 

( ) ( ) ( )h px t x t x t= +
 (39)

The explicit form of the solution to the natural system is found 
in (40).

( ) bt ax t Ze
b

= −
 (40)

Since we already know that the value of b is strictly negative, it 
is clear that the homogenous solution (32) goes to zero as t goes to 
infinity. As a consequence, as we see in (41), the equilibrium is sta-
ble. Equation (40) also reveals that we have monotone convergence 
to the equilibrium. Furthermore, since the natural emission level is 
strictly positive, the equilibrium is strictly positive. Note that this 
equilibrium was also found in equation (8) and that the numerical 
values were derived in different units, in equations (9) and (10).

( 0, 0)

lim ( ) ( ) 0
t
a b

ax t x t
b→∞

> <

= = − >

 (41)

Explicit dynamics analysis of the natural system with added ex-
ogenous forcing

Now, we introduce exogenous (industrial) net emissions as an 
explicit function of time, in equation (42). This makes it possible to 
represent the future time path of alternative global CO2 emissions 
as a quadratic function of time. Certainly, also other functional 
forms could be used. The polynomial is however a flexible tool with 
suitable properties for the relevant applications that will follow. We 
may also use the function to model alternative forestry expansion 
strategies, where intensified forestry can lead to increased absorp-
tion of CO2.

2
0 1 2( )f t k k t k t= + +  (42)

When (42) is added to the natural system differential function, 
we get (43).

( ) ( ) ( ) , 0, 0x t a bx t f t a b
•

= + + > <  (43)

The explicit version of (43) is (44). This may also be trans-
formed to (45). 

2
0 1 2( ) ( )x t a bx t k k t k t

•

= + + + +  (44)

From (45) we understand that the solution to the homogenous 
solution, (32), will be useful also when we solve (45).

2
0 1 2( ) ( )x t bx t a k k t k t

•

− = + + +  (45)

Determination of the Particular Solution

Now, we need a more complicated functional form of the partic-
ular solution than when we only had to deal with the natural sys-
tem, without changing exogenous emissions, as in equation (34).

The time derivative of the particular solution is (47).

2
0 1 2( )px t c c t c t= + +

 (46)

1 2( ) 2px t c c t
•

= +  (47)

 (45), (46) and (47) lead to (48). We have to determine the three 
parameters in the particular solution, found in (46), from equation 
(48).

2 2
1 2 0 1 2 0 1 22 ( )c c t b c c t c t a k k t k t+ − + + = + + +  (48)

It is clear that (48) has to be satisfied for every possible value 
of t. In (49), the LHS and RHS expressions are written in a more 
convenient form.

2 2
1 0 2 1 2 0 1 2( ) (2 ) ( ) ( )c bc c bc t bc t a k k t k t− + − + − = + + +  (49)

We realize that the equation system found in (50) has to be 
satisfied. That system will hopefully be useful to derive the correct 
parameters of the particular solution (46).

1 0 0

2 1 1

2 2

2
c bc a k

c bc k
bc k

− = +
 − =
 − =  (50)

In (51), the equation system in (50) is represented in matrix 
format.

0 0

1 1

2 2

1 0
0 2
0 0

b c a k
b c k

b c k

− +     
     − =     
     −       (51)

We find that the system has a structure that makes it possible 
to solve it with a sequence of substitutions. If that would not have 
been the case, we could have used other methods from matrix al-
gebra. From row 3, we instantly get the value of c2. This is shown 
in (52).

( ) 2
23 krow c

b
−

⇒ =
 (52)

Then we move to row 2, which can be used to derive c1 , using c2 
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and some parameters. Compare equation (53).

( ) 1 2 12 2row bc c k⇒ − + =
 (53)

Equations (54), (55) and (56) lead to the value of c1.

2
1 12 kbc k

b
− − + = 

   (54)

2
1 1

2kbc k
b

− = +
 (55)

1 2
1 2

2k kc
b b
−

= −
 (56) 

Finally, we can derive c0 via equations (57) to (60).

0 1 0( 1)row bc c a k⇒ − + = +  (57)

0 0 1bc a k c− = + −  (58)

1 2
0 0 2

2k kbc a k
b b

− = + + +
 (59)

0 1 2
0 2 3

( ) 2a k k kc
b b b

− +
= − −

 (60)

The particular solution (61) is found in explicit form in (62).

2
0 1 2( )px t c c t c t= + +

 (61)

( )0 21 2 1 2 2
2 3 2

2 2( )p

a k k k k k kx t t t
b b b b b b

− +  − −   = − − + − +     
      (62)

The CO2 level in the atmosphere, (63), is the sum of the homog-
enous solution and the particular solution. 

( ) ( ) ( )h px t x t x t= +
 (63)

The homogenous solution is found in (64) and the CO2 level in 
the atmosphere is shown in (65).

( ) bt
hx t Ze=  (64)

( )0 21 2 1 2 2
2 3 2

2 2( ) bt a k k k k k kx t Ze t t
b b b b b b

− + − = + − − + − − 
   (65)

Clearly, before we move further and apply function (65), it is 
important to verify that the function is correct. We use the follow-
ing procedure: First we derive the time derivative of (65), namely 
(66).

1 2 2
2

2 2( ) bt k k kx t bZe t
b b b

•

= − − −
 (66)

Then, we remember the original differential equation (67).

2
0 1 2( ) ( )x t a bx t k k t k t

•

= + + + +  (67)

Equation (66) is defined from equation (68).

1 2 2
2

2 2bt k k kbZe t
b b b

φ = − − −
 (68)

Equation (69) is defined from equation (67).

2
0 1 2( )a bx t k k t k tϕ = + + + +  (69)

We denote the difference between the expressions (68) and 
(69) by (70). Then, we find that the difference is zero, which means 
that the expressions are equal, as in equation (70). 

( )

1 2 2
2

0 2 21 2 1 2 2
0 1 22 3 2

2 2

2 2

bt

bt

k k kbZe t a
b b b

a k k k k k kb Ze t t k k t k t
b b b b b b

φ ϕ− = − − − −

− + − − + − − + − − − − −  
    (70)

In other words, the CO2 level in the atmosphere should really 
follow equation (65).

0 . . .Q E Dφ ϕ− =  (71)

Result
The general solution to the differential function has been deter-

mined. Furthermore, we have already determined the empirically 
relevant values of two parameters, a and b, from the empirical data. 
Now, we will study the future of the CO2 level in the atmosphere, x(t), 
as a function of alternative levels of emissions and forestry activi-
ties. We define time zero as “the middle of year 2022”, namely July 1, 
2022. Then, t=0. At that time, x(0) = x0. For alternative assumptions 
concerning emissions and forestry activities, we can also determine 
the parameters of the exogenous forcing function, f(.), namely k0, k1 
and k2. With all of this information available, we can determine the 
final free parameter of the differential function, namely Z. 

From (65), we get the general function of x(t):

20 1 2 1 2 2
2 3 2

( ) 2 2( ) ( )bt a k k k k k kx t Ze t t
b b b b b b

− + −
= + − − + − −

 (72)

We introduce the initial condition, the value of x(t) at t=0.

( )00 21 2 1 2 2
0 2 3 2

2 2 0 0b a k k k k k kx Ze
b b b b b b

× − + − = + − − + − × − × 
   (73)

Now, we can determine Z as a function of the parameters:

( )0 1 2
0 2 3

21
a k k kZ x

b b b
 − + 

= ⋅ − − −       (74)
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( )0 1 2
0 2 3

2a k k kZ x
b b b
+

= + + +
 (75)

In the special case when k2=0, we have:

( )
2

0 1
1 0 20k

a k kZ Z x
b b=

+
= = + +

 (76)

Now, with this information about Z as a function of the param-
eters, we have:

( )0 21 2 1 2 2
2 3 2

2 2( ) bt a k k k k k kx t Ze t t
b b b b b b

− + − = + − − + − − 
   (77)

( )

( )

0 1 2
0 2 3

0 21 2 1 2 2
2 3 2

2( )

2 2

bta k k kx t x e
b b b

a k k k k k kt t
b b b b b b

+ 
= + + + 
 

+ − − − − + − − 
   (78)

( ) ( )0 21 2 1 2 2
0 2 3 2

2 2( ) 1bt bta k k k k k kx t x e e t t
b b b b b b
+   = + + + − − + −   

    (79)

and the special case: 

( ) ( )
2

0 1 1
1 0 20
( ) ( ) 1bt bt

k

a k k kx t x t x e e t
b b b=

+ 
= = + + − − 

   (80)

In (Figure 4), equation (80) is used to predict the CO2 time path 
from 1990 to 2021. It is compared to the real observations. (Ta-
bles 1 & 2) contain the other parameters. The differential equation 
prediction follows the true development rather well, but underes-
timates the latest CO2 levels slightly. One reason may be variations 
in the industrial emission increments. Still, the prediction model 
results replicate the true history rather well and we may believe 
in equation (80). In (Figures 5 & 6), we see the predictions of the 
future CO2 development, from year 2022 until year 2100, based 
on equation (80) and alternative emission strategies. It is clearly 
possible to reduce or increase the future CO2 concentrations very 
much, depending on the selected emission strategy. Note that, even 
if we select to reduce the emissions by 1.5 Gt/year, the CO2 concen-
tration in the atmosphere will continue to increase from the 2022 
level during several years, before it starts to decrease. 

Figure 4: The time path of the CO2 level in the atmosphere, x, from year 1990 until 2021, in the empirical data, x_ppm_real, and 
the prediction, x_ppm_Lpred, via the solution to the differential equation (80), based on the assumptions that the initial CO2 level 
in year 1990 and all other parameters are known. In year 1990, t = 0. Parameter k0 is the emission level in 1990, namely 22.729 (Gt) 
and k1 = (the emissions in 2021 – the emissions in 1990) / (31 years). This calculation gives a k1 value of approximately 0.4269 (Gt 
per year).
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Figure 5: Emission strategy conditional predictions of the CO2 level in the atmosphere, x (Gt), from year 2022 until 2100, via 
equation (80), based on the assumptions that the initial CO2 level in year 2022 and all other parameters are known. In year 2022, t 
= 0, and the initial value x0 is estimated from the values in 2020 and 2021. (3250.11-3232.86) + 3250.11 = 3267.36 (Gt). Parameter k0 
is the estimated emission level in 2022, assumed to be identical to the level in 2019, directly before the Corona pandemic, namely 
37.911 (Gt). The time derivative of the emissions, k1, takes alternative values, from -1.5 to + 1.0 (Gt per year). Tables 1 and 2 contain

Figure 6: Emission strategy conditional predictions of the CO2 concentration in the atmosphere, x (ppm), from year 2022 until 2100, 
via equation (80), based on the assumptions that the initial CO2 level in year 2022 and the parameters were known. In year 2022, t 
= 0, and the initial value x0 is estimated from the values in 2020 and 2021. (3250.11-3232.86) + 3250.11 = 3267.36 (Gt). Parameter k0 
is the estimated emission level in 2022, assumed to be identical to the level in 2019, directly before the Corona pandemic, namely 
37.911 (Gt). The time derivative of the emissions, k1, takes alternative values, from -1.5 to + 1.0 (Gt per year). Tables 1 and 2 contain 
the other parameters.
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The Decision k1 and Effects on the Climate

As found in the already reported results, it is obvious that the 
future CO2 level, and as a consequence the climate, will be affected 
by changes in the net emissions. Now, we will investigate how the 
parameter k1 can be used as a tool in the climate control process and 
what the optimal decisions can be. We may consider the k1 parame-
ter as a decision variable, to be controlled by international political 
processes and to a considerable extent be a function of changes in 
industrial emissions of CO2. The decision variable k1 can also be in-
fluenced by increased activities in forestry, where earlier not man-
aged forests in equilibrium, are transformed to sustainably man-
aged forests. The increased harvest volumes can replace fossil fuels 
in Combined Heat and Power, CHP, plants, perhaps also combined 
with Carbon Capture and Storage, CCS, technology. The increased 
harvest volumes can also be used to produce construction materi-
als that can store carbon for a long time. We may let this transfor-
mation process concern some constant number of hectares, each 
year, during a long sequence of years. When that happens, the net 
absorption of CO2 sustainably increases and we may describe this 
as a reduction of k1. In the same way, we may assume that we trans-
form forestry in some other way, with genetically improved plants 
that grow faster, with more rational forest management decisions 
or with gradually increased used of fertilizers and/or irrigation. 

Via all of these forestry changes, that we can denote sustainable 
forestry investments, we can each year, obtain a higher level of net 
growth, and net CO2 absorption. This corresponds to a reduction of 
k1. In order to simplify the exposition, from now on, we only consid-
er cases where k2 = 0. A corresponding but more page consuming 
treatment with arbitrary k2 values may be developed by the inter-
ested reader.) Hence, we have:

( ) ( )0 1 1
0 2( ) 1bt bta k k kx t x e e t

b b b
+ 

= + + − − 
   (81)

The derivative of x with respect to k1 is found in (82).

( )2 1

1

1btdx b e b t
dk

− −= − −
 (82)

It is important to know if this derivative can be signed. The fol-
lowing procedure makes this possible:

1 0

0
t

dx
dk

=

=
 (83)

( )
2

1

1

1btd x b e
dk dt

−= −
 (84)

2

1 0

0
t

d x
dk dt

>

>
 (85)

Now, we know that the derivative is zero for t=0 and increases 
with t. As a result, we get (86).

2

1 1 10 0 0

0 0 0
t t t

dx d x dx
dk dk dt dk

= > >

      
= ∧ > ⇒ >                    (86)

Hence, we know that the derivative of the CO2 level with respect 
to k1 is strictly positive, at every future point in time. As we see in 
equation (87), the derivative of the CO2 level with respect to k1 is a 
strictly increasing function of time.

3

2
1

0btd x e
dk dt

= >
 (87)

If we are interested to control the climate via the CO2 level, we 
should have some objective function that makes it possible to know 
how the utility is affected by the CO2 level at different points in 
time. Let us consider a CO2 path dependent utility function, which is 
scaled in such a way that it can be expressed in economic terms. In 
the rest of this paper, the expression “utility” should be understood 
as the total economic value of the utility, from t = 0 until t = T. Note 
that we are interested in the climate from t = 0 until some future 
point time, T.

( )( )1
0

,
T

U v x t k dt= ∫
 (88)

The marginal utility of increasing k1 is found in (89). We assume 
that we prefer to have a colder climate, and for that reason want to 
have a lower CO2 level in the atmosphere. In other words; The de-
rivative of v with respect to x should be strictly negative.

( ) ( ) ( )1
1 10

. , , . 0
TdU dv dx dvt k dt

dk dx dk dx
= <∫

 (89)

We assume that k1 is a function of k1,I and k3, where the first 
part, k1,I, is caused by changes in industrial emissions and the sec-
ond part, k3, is caused by increased net absorption of CO2 in forests, 
because of investments in more productive and sustainable forest-
ry. 

1 1, 3Ik k k= −
 (90)

Obviously, the marginal utility of forestry investments (91), has 
the opposite sign compared to (89). 
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( ) ( )1
3 10

. ,
TdU dv dx t k dt

dk dx dk
= −∫

 (91)

The forestry investment optimization problem is found in (92). 
C(k3) is the investment cost function at a particular point in time 
during the investment process. The interest rate in continuous time 
is r. It is assumed that a particular level of “continuous investment” 
is selected, which for instance can mean that some new active 
forestry is started, each year, from time 0 until time T. Each year 
within this time interval, the area of “new forestry” increases with 
the same number of hectares. This type of action can for instance 
be made in very large regions in Canada and Russian Federation, 
where presently no active forestry can be found. It is natural to dis-
tribute such investments over time, in this way, since it takes con-
siderable time to construct new infrastructure and to expand the 
capacities of industrial facilities and the labor force. The variable 
cost at time t is jk3t, where j is a new cost parameter. 

( )( )
3

3 3 1, 3
0 0 0

max ( ) ,
T T T

rt rt
Ik

e C k dt e jk t dt v x t k k dtπ − −= − − + −∫ ∫ ∫
 (92)

Clearly, parts of the cost functions can be placed outside the in-
tegrals.

( )( )
3

3 3 1, 3
0 0 0

max ( ) ,
T T T

rt rt
Ik

C k e dt jk e t dt v x t k k dtπ − −= − − + −∫ ∫ ∫
 (93)

As we see in (94), the first two integral can be explicitly calcu-
lated.

( ) ( )( )
3

3 3 1, 32
00 0

max ( ) 1 ,
T T Trt rt

Ik

e eC k jk rt v x t k k dt
r r

π
− −    

   = − − − − − + −        
∫

 (94)

In (95), we have the optimization problem in explicit form.

( ) ( )( )
3

3 3 1, 32
0

1 11max ( ) ,
rT TrT

Ik

e rTeC k jk v x t k k dt
r r

π
−−  − + −

= − − + −  
   

∫
 (95)

The first order optimum condition is:

( ) ( ) ( )12
3 3 10

1 11 . , 0
rT TrT e rTd e dC dv dxj t k dt

dk r dk r dx dk
π −−  − + −
= − − − =  

   
∫

 (96)

The second order derivative of the objective function with re-
spect to the forestry investment level is shown in (97).

2 2

2 2
3 3

1 rTd e d C
dk r dk
π − −
= − 

   (97)

We assume that the rate of interest is strictly positive, that the 
investment process continues during a strictly positive time inter-
val and that the cost function is strictly convex. In (98), we see that 
the objective function is a strictly concave function of the forestry 
investment level.

2 2

2 2
3 3

0 0 0 0d C dr T
dk dk

π   
> ∧ > ∧ > ⇒ <   

     (98)

Hence, we have a unique maximum. Let us determine an explic-
it expression for the unique maximum. We assume that the deriva-
tive of the utility function with respect to the CO2 level is constant, 
namely v1. Alternative assumptions can of course be made, if some 
empirical facts can be shown to support such assumptions. The re-
sulting first order optimum condition is found in (99).

( )

( ) ( )

1

1 12
3 3 10

.

1 11 , 0
rT TrT

dvv const
dx

e rTd e dC dxj v t k dt
dk r dk r dk
π −−

 = = ⇒ 
 
  − + −

= − − − =        
∫

 (99) 

Now, since we already know the derivative of the CO2 level with 
respect to k1, from (82), we get (100).

( ) ( )( )( )1 1
12

3 3 0

1 11 1 0
rT TrT

bte rTd e dC j v b b e t dt
dk r dk r
π −−

− − − + −
= − − − − − =  

   
∫

 (100)

(100) can be further developed to (101), (102) and (103).

( ) 2 2 1
12

3 3 0 0 0

1 11 1 0
rT T T TrT

bte rTd e dC j v b e dt b dt b t dt
dk r dk r
π −−

− − −   − + −
= − − − − − =    

    
∫ ∫ ∫

 (101)

( ) 2
2 2 1

12 0
3 3 0 0

1 11 0
2

T TrTrT bt Te rTd e dC e tj v b b t b
dk r dk r b
π −−

− − −
  − +   −  = − − − − − =             (102)

( ) ( ) 2

12 3 2
3 3

11 11 0
2

bTrTrT ee rTd e dC T Tj v
dk r dk r b b b
π −−  − − + −  = − − − − − =           (103)

The last part of the expression (103) deserves a special treat-
ment. We define that as W in equation (104). We are interested to 
determine the sign of W.

( ) 2

3 2

1
2

bTe T TW
b b b
−

= − −
 (104)

In (105), we find that W = 0 for T = 0. Equations (106), (107) 
and (108) make sure that W is strictly positive for strictly positive T. 

0, 0
0

b T
W

≠ =
=

 (105)

( )2 1bTdW b e bT
dT

−= − −
 (106)

( ) ( )0
0 (1 ) 0dWbT e

dT
γ

γ
γ γ γ

≠

 = ≠ ∧ > + ∀ ⇒ > 
   (107)

( ) ( )0, 0 0, 0
0 0 0

b T b T

dWW W
dT≠ = ≠ >

 = ∧ > ⇒ > 
   (108)
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From equation (103), we get the optimal value of the margin-
al cost of the investment level, in (109). Since this marginal cost is 
a monotonically increasing function of the investment level, it will 
soon be possible to determine the optimal investment level from 
this value. 

( ) ( )2

1 3 2 2

3 3

1 1 1
2

0
1

bT rT

rT

e e rTT Tv j
b b b rd dC

dk dk e
r

π

−

−

 −  − +
 − − − −       = ⇒ =   − 

 
   (109)

We assume that the optimal value of the marginal investment 
cost function is strictly positive (110).

( ) ( )
1 2

3

1 1

0
1

rT

rT

e rT
v W j

rdC
dk e

r

−

−

 − +
− −  

 = >
 −
 
   (110)

We assume that the investment cost function can be approxi-
mated as a quadratic function. When empirical data becomes avail-
able, the parameters can be estimated. 

2
0 1 3 2 3 0 1 2, 0, 0, 0C g g k g k g g g= + + ≥ > >  (111)

We also assume that the fix cost, g0, is comparatively small and 
does not make it more profitable to avoid all investments studied 
in this article. This is of course an empirical question, but in typical 
cases, g0 should be small. The marginal cost is found in (112).

1 2 3
3

2dC g g k
dk

= +
 (112)

(109) and (112) lead to (113).

( ) ( )2

1 3 2 2

1 2 3

1 1 1
2

2
1

bT rT

rT

e e rTT Tv j
b b b r

g g k
e
r

−

−

 −  − +
 − − − −      + =

 −
 
   (113)

We assume that the parameter g1 is sufficiently small to mo-
tivate a strictly positive investment level. (It is easy to show that, 
in an earlier “forestry investment equilibrium”, obtained when the 
utility of climate change was not considered, the investments took 
place until the marginal cost of expansion was equal to the marginal 
revenue of increased access to forest areas. Hence, this argument 
tells us that g1 can be expected to be very close to zero. This makes 
it highly probable that (114) is relevant.

( ) ( )
1 2

1

1 1

1

rT

rT

e rT
v W j

r
g

e
r

−

−

 − +
− −  

 <
 −
 
   (114)

Then, the unique and strictly positive optimal investment in 
higher CO2 absorption via forestry is given in (115).

( ) ( )2

1 3 2 2

1

*
3 3

2

1 1 1
2

1

0
2

bT rT

rT

e e rTT Tv j
b b b r

g
e
r

k k
g

−

−

  −  − +  − − − −       − 
 − 
    

 = = >
 (115)

Discussion
A model is just an approximation of some part of reality. Hence, 

we can never expect to cover every detail of real problems. Nev-
ertheless, it was possible to theoretically model and describe the 
natural CO2 system as a rather simple first order differential equa-
tion, where the absorption is proportional to the CO2 concentration. 
The logic behind such a model is easy to understand, based on fun-
damental physics, and the solution can be obtained with standard 
methods. It was also possible to estimate the parameters with high 
precision, based on publicly available empirical data. The t-values 
were rather high and the p-values were well below the 95% sig-
nificance levels. Furthermore, it was possible to use the estimated 
differential function to derive a function describing the time path 
of the CO2 concentration. This time path turned out to give a good 
picture of the real empirical time series. With the estimated differ-
ential equation, it was also possible to determine the existence of a 
unique and stable equilibrium. With the estimated parameter val-
ues, this equilibrium was calculated to be close to 262 ppm. In an 
earlier study, with a shorter time series, and with a simpler estima-
tion method, Lohmander [12] derived an equilibrium of 280 ppm. 
Exactly the equilibrium 280 ppm was also reported by Solomon, et 
al. [11] to be the estimated pre-industrial equilibrium. We should 
be aware that the estimated equilibrium values 262 ppm and 280 
ppm are close to each other. The estimated parameter values in the 
differential equation contain error terms with reported standard 
deviations.

Hence, 262 ppm, 280 ppm or some other equilibrium in the 
neighborhood of these values, should be expected to be the “pre-in-
dustrial equilibrium”. The exact equilibrium can probably never be 
determined without error. 

It was possible to determine the future time path of the CO2 
concentration as a function of future industrial emission strategies, 
until year 2100. Of course, we will not know if these predictions 
were correct before we reach year 2100. On the other hand, such 
predictions may be used as tools in international emission re-
duction negotiations. Then, a key is that it is possible to make the 
negotiating partners understand and believe in the methodology 
(Appendix Figures 1-4). It is the firm opinion of the author of this 
paper that it should be possible to convince well educated negoti-
ation delegations from different countries about the fundamental 
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structure of these predictions and the mathematics behind it. Final-
ly, the optimal investment intensity rule, equation (115), is a tool 
that hopefully does not only give a particular value, but also makes 
the users aware of the fundamental importance of some facts. It 
explicitly shows that some pieces of information are necessary to 
know, if we want to take optimal decisions. We have to know the pa-

rameters of the investment cost and the variable cost functions, the 
rate of interest in the capital market, the absorption parameter b in 
the CO2 differential equation and the length of the time interval of 
interest. However, we also really need to know v1, the economically 
specified “marginal utility” of the CO2 concentration. 

Appendix Figure 1

Appendix Figure 2
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Appendix Figure 3

Appendix Figure 4

In other words, as a first step, we have to know, and agree 
about, the economic value of decreasing the CO2 concentration by 1 
ppm. If we can not agree about that, we will not agree about ratio-
nal investment levels in emission reductions and/or optimal areas 
of intensified forestry (Appendix Tables 1-3). For these reasons, the 

author hopes and suggests that United Nations initiates an inter-
national research and negotiation process where the fundamental 
principles and facts of relevance to managing the CO2 concentration 
problem are in focus. In this work, the analyses and results present-
ed in this paper can hopefully be useful as a starting point.
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Appendix Table 1a: Data related to the analysis.

Year X_ppm X_Gt e_Mt_obs delta_e_Mt e_Mt e_Gt delta_x_gt delta_(x-e) 
Gt

delta_(x-
e)_ppm

1990 354,45 2766,24 22728,88 311,844 22728,88 22,72888 9,76 -12,97 -1,662345983

1991 355,70 2776,00 23040,72 23,04072 6,56 -16,49 -2,112303852

1992 356,54 2782,55 23352,57 23,35257 5,23 -18,12 -2,322261722

1993 357,21 2787,78 23664,41 23,66441 13,66 -10,01 -1,282219591

1994 358,96 2801,44 23976,26 23,97626 15,69 -8,29 -1,062177461

1995 360,97 2817,13 24288,1 24,2881 13,81 -10,47 -1,34213533

1996 362,74 2830,94 24599,94 24,59994 8,90 -15,70 -2,0120932

1997 363,88 2839,84 24911,79 24,91179 23,10 -1,81 -0,232051069

1998 366,84 2862,94 25223,63 25,22363 13,27 -11,96 -1,532008939

1999 368,54 2876,20 25535,48 25,53548 9,13 -16,40 -2,101966808

2000 369,71 2885,34 25847,32 864,542 25847,32 25,84732 12,56 -13,28 -1,701924678

2001 371,32 2897,90 26711,86 26,71186 16,62 -10,09 -1,292702042

2002 373,45 2914,52 27576,4 27,5764 19,74 -7,83 -1,003479406

2003 375,98 2934,27 28440,95 28,44095 13,42 -15,02 -1,924256771

2004 377,70 2947,69 29305,49 29,30549 17,79 -11,51 -1,475034135

2005 379,98 2965,49 30170,03 802,14 30170,03 30,17003 16,47 -13,70 -1,755811499

2006 382,09 2981,95 30972,17 30,97217 15,06 -15,91 -2,038593036

2007 384,02 2997,01 31774,31 31,77431 14,13 -17,65 -2,261374572

2008 385,83 3011,14 32576,45 32,57645 14,13 -18,45 -2,364156108

2009 387,64 3025,27 33378,59 33,37859 19,20 -14,18 -1,816937645

2010 390,10 3044,47 34180,73 441,044 34180,73 34,18073 13,66 -20,52 -2,629719181

2011 391,85 3058,12 34621,77 34,62177 17,25 -17,37 -2,226231984

2012 394,06 3075,37 35062,82 35,06282 20,92 -14,15 -1,812744788

2013 396,74 3096,29 35503,86 35,50386 16,62 -18,88 -2,419257591

2014 398,87 3112,91 35944,91 35,94491 16,70 -19,24 -2,465770394

2015 401,01 3129,61 36385,95 381,355 36385,95 36,38595 26,53 -9,85 -1,262283197

2016 404,41 3156,15 36767,31 36,76731 18,34 -18,43 -2,3611478

2017 406,76 3174,49 37148,66 37,14866 15,30 -21,85 -2,800012403

2018 408,72 3189,78 37530,02 37,53002 22,94 -14,59 -1,868877007

2019 411,66 3212,73 37911,37 37911,37 37,91137 20,14 -17,78 -2,27774161

2020 414,24 3232,86 35962,87 35962,87 35,96287 17,25 -18,72 -2,398072196

2021 416,45 3250,11 0 (Guess) 35962,87 35,96287

Appendix Table 1b: Data Definitions

Column Variable Source

1 Year

2 CO2 concentration in the atmosphere (ppm) NOAA (2022).

3 CO2 mass in atmosphere (Gt) NOAA (2022). O Hara (1990).

4 Industrial emissions, CO2, observations (Mt) EDGAR (2021).

5 Change per year of the Industrial emissions, until the next observation EDGAR (2021).

6 Industrial emissions, CO2, observations and values determined via linear 
interpolation (Mt) EDGAR (2021).

7 Industrial emissions, CO2, observations and values determined via linear 
interpolation (Gt) EDGAR (2021).

8 Differences of CO2 mass in atmosphere (Gt) NOAA (2022). O Hara (1990).

9 Differences of CO2 mass in atmosphere (Gt) - Industrial emissions, CO2, 
observations and values determined via linear interpolation (Gt) NOAA (2022). O Hara (1990). EDGAR (2021).

10 Differences of CO2 mass in atmosphere (ppm) - Industrial emissions, CO2, 
observations and values determined via linear interpolation (ppm) NOAA (2022). O Hara (1990). EDGAR (2021).
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Appendix Table 2: Regression in Gt.

Regression Statistics

Multiple R 0,514535803

R Square 0,264747092

Adjusted R 
Square 0,239393544

Standard 
Error 3,820257244

Observations 31

ANOVA

df SS MS F Significance F

Regression 1 152,3974368 152,3974368 10,44221057 0,003061931

Residual 29 423,236597 14,59436541

Total 30 575,6340338

Coefficients Standard 
Error t Stat P-value Lower 95% Upper 95% Lower 95,0% Upper 95,0%

Intercept 32,1679952 14,47537138 2,222256988 0,034225527 2,562536581 61,77345382 2,562536581 61,77345382

x_Gt -0,015712373 0,004862343 -3,231440943 0,003061931 -0,025656981 -0,005767766 -0,025656981 -0,005767766

Appendix Table 3: Regression in ppm.

Regression Statistics

Multiple R 0,514535803

R Square 0,264747092

Adjusted R 
Square 0,239393544

Standard 
Error 0,489505459

Observations 31

ANOVA

df SS MS F Significance F

Regression 1 2,502116493 2,502116493 10,44221057 0,003061931

Residual 29 6,94885224 0,239615594

Total 30 9,450968733

Coefficients Standard 
Error t Stat P-value Lower 95% Upper 95% Lower 95,0% Upper 95,0%

Intercept 4,121819095 1,854789575 2,222256988 0,034225527 0,328348476 7,915289714 0,328348476 7,915289714

x_ppm -0,015712373 0,004862343 -3,231440943 0,003061931 -0,025656981 -0,005767766 -0,025656981 -0,005767766

Conclusion
It is possible to model the dynamics of the CO2 level in the at-

mosphere via a differential equation. The formulated hypotheses, 
of how the CO2 level is affected by natural emissions and concen-
tration dependent absorption, could not be rejected. The parame-
ters were empirically estimated, with high precision, from the latest 
available empirical time series of observations of CO2 concentration 
in the atmosphere, and industrial emissions. It is possible to deter-
mine the time path of the CO2 concentration of the natural system 
without industrial emissions, for arbitrary initial conditions. This 
system has a unique and stable equilibrium, with an expected es-
timated value of 262 ppm. With constant industrial emissions, the 
equilibrium would be found at a higher level, according to an explic-
it equation. Comparative statics analysis shows how the equilibri-
um is affected by alternative parameter adjustments. An extended 
version of the natural differential equation, with a forcing func-
tion, a quadratic function of time, representing the time paths of 

industrial emissions, has been developed. The general function of 
the time path of the CO2 concentration of the natural system under 
the influence of industrial emissions, has been determined for ar-
bitrary initial conditions and parameters of the industrial emission 
function. The CO2 time path function has been analytically verified 
and empirically tested and found to be able to reproduce the histor-
ical CO2 observations with high precision. 

The time paths of the future CO2 concentrations have also been 
calculated, for six alternative levels of change of the industrial emis-
sions, from -1.5 Gt/year to +1.0 Gt/year, from the year 2022 until 
2100. The net CO2 emissions can be reduced over time, if sustain-
able forestry is gradually intensified. The rational intensity of this 
investment process has been determined. An explicit function for 
the optimal forestry intensification level, based on all CO2 time path 
function parameters, the marginal cost of the CO2 concentration, 
time interval parameters, rate of interest and cost function param-
eters, has been derived.
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