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RECENT ADVANCES IN GENERAL GAME THEORY AND APPLICATIONS
By Petet.ohmander

Aln part 1of this presentation, thetwo playerzerosumgameswith
diagonal gamenatrixes TPZSGRyeanalyzed

AManyimportant applicationsof this particularclassof gamesare
found in military decision problems, inustomsand immigration
strategiesand policework.

AExplicitfunctionsare derivedthat givethe optimalfrequencesof
different decisionsand theexpectedresultsof relevanceto the
different decisiommakers



RECENT ADVANCES IN GENERAL GAME THEORY AND APPLICATIONS
By Petet.ohmander

AArbitrary numbersof decision alternativesre covered

Alt is provedthat the derivedoptimal decisiorfrequencyformulas
correspondto the uniqueoptimizationresultsof the two players

Alt is provedthat the optimal solutions, foboth players alwaysleadto
a uniguecompletelymixedstrategyNashequilibrium

AForeachplayer the optimalfrequencyof a particulardecision is
strictly greaterthan O andstrictly lessthan 1.
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By Petet.ohmander

AWith comparativestaticsanalysesthe directionsof the changeof
optimal decisiorfrequencesand expectedgamevaluesasfunctions
of changesn different parametewvalues are determined

AThesignsof the optimalchange®f the decisiorfrequencesof the
different players are alsodeterminedasfunctionsof risk in different
parametervalues
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By Petet.ohmander

AFurthermore the directionsof changef the expectedoptimal value
of the game are determinedasfunctionsof risk in the different

parametervalues

AFinally someof the derivedformulasare usedto confirmearlier
gametheory resultspresentedin the literature. It isdemonstrated
that the newfunctionscanbe appliedto solvecommonmilitary

problems




RECENT ADVANCES IN GENERAL GAME THEORY AND APPLICATIONS
By Petet.ohmander

Aln part 2 of this presentation,four military decision problems,
common and relevant toypicalarmyand rangewunits, atplatoon,
companyand battalionlevels are describedand analysed

Alt is found that fundamental gaméheory and methodscanbe used
to determineoptimal decisions

ATheoptimal decisionsare derivedas mixedstrategyNashequilibria
via manualmethods
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By Petet.ohmander

Alt isfound that considerablémprovementsof the expectedoutcomes
of typicaldecisionscanbe obtainedin awaythat doesnot require
highinvestmentcosts

Alt is arguedthat the methodologyto somedegreeshouldbe included
In the educationof all Swedisimilitary officers, inparticularin the
armyand rangeiunits intendedfor special operations

Aln part 3,stochasticdynamicextensionof part 1 will be defined
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First, we start with somevery concretedecision
problems, with only 2 and 4 dimensions.

Later, we will generalizethe findings to
arbitrary numbers of dimensions.
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explicit functions, general proofs and effects of
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Abstract

In this paper, the two player zero sum games with diagonal game matrixes, TPZSGD,
are analyzed. Many important applications of this particular class of games are found
in military decision problems, in customs and immigration strategies and police work.
Explicit functions are derived that give the optimal frequences of different decisions and
the expected results of relevance to the different decision makers. Arbitrary numbers of
decision alternatives are covered. It 1s proved that the derived optimal decision frequency
formulas correspond to the unique optimization results of the two players. It 1s proved that
the optimal solutions, for both players, always lead to a unique completely mixed strategy
Nash equilibrium. For each player, the optimal frequency of a particular decision is strictly
greater than 0 and strictly less than 1. With comparative statics analyses, the directions
of the changes of optimal decision frequences and expected game values as functions of
changes in different parameter values, are determined. The signs of the optimal changes
of the decision frequences, of the different players, are also determined as functions of
risk in different parameter values. Furthermore, the directions of changes of the expected
optimal value of the game, are determined as functions of risk in the different parameter
values. Finally, some of the derived formulas are used to confirm earlier game theory results
presented in the literature. It 1s demonstrated that the new functions can be applied to solve
common military problems.
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Beslutsproblem

Vagval vid uppmarsch och
underhallstransporter

Val av plats for eldoverfall vid
fordrojningsstrid

Positionering av bevaknings och
stridspatruller vid stabsplats

Val av utgangsgruppering for spaning
mot, och stdrande av, fientlig
stabsplats

Decision Problems

The selection of roads for transport
when enemyforces may prepare
attacks along different roads with
different expected outcomes

The selection of roads where attacks
on enemy transports should be
prepared,

The positioning of guard squads and

The positioning of intelligence,
reconaissanceand sabotage groups.
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Observation:

If we canbe surethat, in optimum, alldecisionshave stricly positive probabilities, then we know that:

E=XG; =%C,

Then if the numberof possibledecisionss 2,we have

E=xc, X1 %)G,
%G, =Gy -CuX

Xl(C11+ sz) —C,, X =

Particular
decision
rules

30



Observation:

Whenthere are exactlytwo possibledecisions and the optimalprobabitiesare strictly positive,
we may calculatethe expectedvalue of the game intwo ways Theresultsare identical.

E=XG %G,
C22

G+ Gy

)(1:
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Sektor 1

P11=0.8

Sektor 4

P44=0.9

Sektor 3

P33=0.2
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c =0.i=L....n. j=1.2....n (2.1)

c..! =g.>0.i=L..n.j=L2....n (2.2)




Let A; denote dual variables. The following Lagrange function 1s
defined:

b

H H
L=xy+ /lo{l—lex_,- |+ Elﬁj(gfxf ~xp) (2.1.5)

The following derivatives will be needed in the proceeding
analysis:

n
L T xz0 (2.1.6)
(MU i=1
dL .
Al 7]
—=1-3X A <0 (2.1.8)
cf.*ro i=l
d_‘[: .g'l.—;{O{_:{]j: T (2.1.9)



Karush Kuhn Tucker conditions in general problems

variables and constraints. Furthermore. the elements c..

are 1not

In general problems. we may have different 11111]113&17 of decision

necessarily zero (Table 1).

Tli=j

Table | Karush Kuhn Tucker conditions in general maximization problems

A =0 Vi
v
v; =207

dL _
a2,

dL
dx

<0V

id—izow
dL
TJEZOIITJ
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Particular conditions in problems that satisfy (2.1) and
(2.2)

Note that in these problems. i = j in all relevant constraints.

>0V 1.
0 2.1.10
I - ovi (2.1.11)
d

ifj—i:{)‘?’f (2.1.12)
x; 20 7i (2.1.13)
I _ovi (2.1.14)
(i*r.,-

L 0 vi (2.1.15)



HE

Proof 1: Proof that Xg > 0:

(2.1.2) and (2.1.4) make it feasible to let x; >0.7=1...n.
(2.2)says that g. >0.,i=12,...n .
When g,x; >0.7=1..n . (2.1.3) makes 1t feasible to let x, >0.

(2.1.1) states that we want to maximize X, - Let stars indicate

optimal values.

L " L ::k
Hence. when optimal decisions are taken. x5 =x5 >0 .
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Proof 2: Proof that .Tf =0.i=1.....n:

dL
(2.1.7)says that —=g.x, —x, =20.i=L....n

(f/?_? 1 1

Proof 1 states that x, >0 .(2.2) says that g;:>0.i

Hence. X; =X; > 0.i=0.....n.

-----
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equation system.

(x; >0.i=0....n)A (2.1.15) = Ao gzl
* dTU rf.*rf
- {(2.1.16)& :(2.1.1?)} |
H
L sa=0 (2.1.16)
(f.*r{] i—1

E:;ﬁgf_iozﬂ*jzl ..... 7 (2.1.17)
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Proof 4: Proof that A >0.i=0....n .
(2.1.16) = 3|, -

Hence. at least for one strictly positive value 7. A;is strictly
greater than zero.

(EII‘?}D ﬂ}{]) M (gi’ }D.."‘:l.....ﬂ) AN (21]7) > 2_0 =) .
| =04

Ao >0 (2.1.18)
(2.1.17) A (g, >0.i=L..n) A (2.1.18) = (4 >0.i=L..n)

A:>0, i=1..n (2.1.19)
(2.1.18) A (2.1.19) = (4 >0.i=0....n)

H
A >0.i=0....n (2.1.20)
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Ha
Proof 5: Proof that X; i =1.....n . can be determined from a linear

equation system.

(4;>0.i=0....n)A (2.1.12) =

{ AL _o. AL _
_diﬂ dA;
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Determillatiun of explicit equations that give all

values: x; .i=0....n:

X
v="Y i=l..n (2.1.23)

D x, =1 (2.1.24)

n X
0 (2.1.25)

= (2.1.26)
g Y
|
>
i=1&;
. -1
Xy = {Zg}._l} (2.1.28)
i=1

ER —1 I 1 )
X; =g; 2 &g I i=L...n (2.1.29)



Determination of explicit equations that give all

ES
values:ﬂ.,- Li=0,....n:

(2.1.17) = (2.1.30).

... 1

(2.1.30)

(2.1.31)

(2.1.32)

(2.1.35)

(2.1.36)
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Observations:

(2.1.37)

(2.1.38)
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The minimization problem of RED

We are imterested in the solution to min y;, . The objective function
1s formulated as max (—_1-*0 ) . The frequences of the different decisions,

Iare y; .
max (_-"’U ) (2.2.1)
5.1,
v, = 1 {222}
i=1
Vo= gv,.i=L..n (2.2.3)

v.z0.i=1..n (2.2.4)
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Proof that y, >0
(222) = (2.2.5).

f‘li:’in, ¥;i>0 (2 2 5)
g >0.i=L...n (2.2.6)
A
(223) A (22.5) $ (22.6) > (2.2.7)
Vo 2 >0 (2.2.7)

Let g denote dual variables. The following Lagrange function is
defined for RED:

Ly==vy+ 14 {Z Vi —
i=1

These derivatives will be needed in the analysis:

+Z,u —g.v,) (2.2.8)

g

d H
5 120 (22.9)
dJuD i=1
dL
L=y, —gy;20.i=L...n (2.2.10)
d L.
dL Z
—2:_14-2;;?.50 (2.2.11)
dv, i=1
ﬂ = Uy — g, =0.1=1..n

v, (2.2.12)
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Proof that y, >0.i=0....n

According to (2.2.1), we want to maximize —y, , which implies
that we minimize y, .

(222) = D ¥y =1
i=1

(224) = y.=0.i=L....n

Let us start from an infeasible point. origo. and move to a feasible
point in the way that keeps y,as low as possible. Initially, let

(J-’l ..... v, ) =(0.....0) . According to (2.2.2), this point is not feasible.
(2.2.3) = min 1{]\ =0,
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Now, we have to move away from the infeasible point

(1., )=1(0,...,0) . We have to reach a point that satisfies
f
ZJ-} >1 without mncreasing y, more than necessary. To find a point
i=1

that satisfies (2.2.2). we have to increase the value of at least one of

the j-}‘{.e{l_"_ ) Select one arbitrary index H . To siumplity the

1=k <n
exposition, we let k=1. According to (2.2.3): If we increase y,
by dy,, miny, increases by g,dy,.as long as dy, =0.i=2.....n.

Hence, dy, = g,dv, . Let z =dy, = g,dv, .
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However. when dy; >0, we may also partly increase
v, .i=2....n without increasing dy, above z. This follows from

(2.2.3) and (2.2.10). Since we want to satisfy Z_v‘,. =1, we want to
i=1

increase y, .7i=2....n as much as possible, without increasing dy,
above z . Hence, we select:

gdv, =z=gdv,.i=2.....n (2.2.13)

dv, =Sy, i=2...n (2.2.14)
g;

(dy; >0)n (g, >0.i=L..n)=dy,>0.i=2....n  (2.2.15)
Since we started in origo, we have
v.,=dv,+0>0.i=1,..n (2.2.16)
We already know that ‘1-'; >y, > 0 . Hence,.

v, >0,i=0...n (2.2.17)
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Observation: The following direct method can be used to solve

the optimization problem of RED.

First, remember that yox = dvox + 0 =z . We may directly determine

the optimal values of ‘1-',.* =>0.7=0,....,n without using the Lagrange

function and KKT conditions. in this way:

i;;. = (v, +0) +(dvy +0).cc+(dy, +0)) =1 (2.2.18)

b
D=yt y,)=1

i=1
A kY
z (g = z
—+{ﬂ— +...+{&—} =1
&1 £ 8 En &1 )

pR =[:+:+...+:J:1
i=1 g1 £ £n

il g £ En )
o 1
ng b= ~
i=1 =

(2.2.19)

(2.2.20)

(2.2.21)

(2.2.22)
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(2.2.2

(2.2.25)
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Proof that 4 .i=0...n can be solved via a linear

equation system and that x4 >0.i=0....,

. * . . * .
Since y, =>0.i=0,....n .wemaydeterminethat /. >0.7=0.....n

via a linear equation system.
¥; aL, _ =0.i=0...n [A(»;,>0.i=0....n) > aL, =0.7=0.....m
ff.""r ('ﬁ'} ).
dL,
___1_|_Z‘H =) (2226)
dv,
ﬁ:,u,:_—,u;.g;,rf.:I[}._f':l._....ir*e (2.2.27)
dv,
(2226)= af\lﬁimwﬂ (2.2.28)
(g, >0.i=L...n)A(2227) A (2.2.28) = 1y >0 (2.2.29)
(g;,>0.i=L...n)~n(2227) A (2229) = (14, >0.i=1..n)
(2.2.30)
(2.2.29) A (2.2.30) = (4, >0.7i=0.....n) (2.2.31)
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: 4

Proof that . .i=0...n can be solved via a linear

equation system and that y, >0.i=0....n.

. * . . * .
Since g, >0.i=0.....n .wemaydetermmethat y. >0.7=0.....n
via a linear equation system.

dL,

—==0.i=0...n |[A(1;>0.i=0,..n)=>| —==0,i=0....n
dz”f d:“.i" A

d H
duy, 42

dL,
==y, —g;v;=0.i=1L...n (2.2.33)

d i,

(2.2.32) = il 1 o (22.34)

(g, >0.i=1...n)~n(2.233) =y, >0 (2.2.35)
(g, >0.i=1... n)n(2.2.35) = (y;>0.i=1....n) (2.2.36)
(2.235) A (22.36) = (v, >0.i=0....n) (2.2.37)
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Determination of explicit equations that give all
values: ‘1-':_, i=0.,...n:

(2.2.33) = (2.2.38).

Vv
vi==C.i=L..n (2.2.38)

(2.2.32) = (2.2.39).

D= (2.2.39)
Z;izl (2.2.40)
i=1 &i
Zi :i. (2.2.41)



(2.2.42)

(2.2.43)

(2.2.44)
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Determination of explicit equations that give all

3 .
values: ;. ., i=0,..n:

(2.2.27) = (2.2.45).
1L :ﬁ,le....,n
&;
(2.2.26) = (2.2.406)

i i =1
i=1

n

> el

- o
i=1 &i

(2.2.45)

(2.2.46)

(2.2.47)

(2.2.48)

(2.2.49)

(2.2.50)

(2.2.51)
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Observations:

. -1
.FD# — ﬁﬂt — ( ng_l J (2.2.52)

=1
]
o —gf—l{ g, | .i=l..n (2.2.53)
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Generalized Observations:

-----
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Sensitivity analyses

First, the sensitivity analyses will concern these wvariables:

k4 k4 k3 W

Xg =49 =V, =4, . How do these variables change under the
influence of changing elements in the game matrix?
) -1
Observation: x, =1, =y, =, = -
PXg =y =Vo =ty =| 2.8
i=1
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d. d”:
Proof that 20~ 0 A Yg <0.
g; dg;
- -1
X, =[ gﬁ] (2.3.1)
i=1
* -2
f??-T.:} 4 -2
=-D| > g —g. (2.3.2)
dg, i=1 ( £ )
® - -2
GONIPEETE S R (2.3.3)
dg; - i T

2_* n n -3
a IE = _255_3{2&_1} "‘gr_z(_z) ng_lJ (_l)gr_z (2.3.4)
i=1

2.* n \ 2 n -
d TE - 24:::_3{2\8‘?_1 l_gr_l[zgr_l (235)
dgr‘d i=1 A i=1 s
d’x, 1 %\2 .
d; =—2¢,7 (%) (1-%) (2.3.6)
i - . dEIDt "
(0<x <1)n(g>0)= <0 (2.3.7)
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