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A B S T R A C T   

This study investigates rational ways to optimize stand-level management decisions from an economic 
perspective to adjust alternative subsidies, aiming to reduce the CO2 level in the atmosphere and consequently, to 
mitigate the global warming impacts. An objective function consisting of two parts is used to maximize the 
current production value that forests represent and the value of forests under the effects of different types of 
subsidies intended to reduce CO2 levels. The optimal ways of adjusting stand-level management decisions are 
determined using a general comparative statics analysis, which takes into account alternative forms of climate- 
related subsidies. The optimal changes to stand-level management decisions are functions of the initial conditions 
of the stand of trees on which the decision will be made. The results have shown that there are one or two of the 
alternative forms of CO2 subsidies increase: if the initially optimal values of the stock level after harvesting {V1} 
is lower than the stock level that maximizes the sustainable yield {VMSY}, and the time interval between harvests 
{t} is sufficiently short, then the initially optimal value of V1 and t increase; if the initially optimal value of V1 is 
lower than VMSY, and t is sufficiently long, then the initially optimal values of V1 and t may vary or stay un
changed; if the initially optimal value of V1 is equal to VMSY, and t is very short, then V1 and t are not changed; if 
the initially optimal value of V1 is higher than VMSY, and/or t is sufficiently long, then the initially optimal values 
of V1 and t decrease. Our approach of providing decisions at the stand-level can be extended to the broader scales 
at forest landscapes to address the related challenges.   

1. Introduction 

The increasing level of carbon dioxide (CO2) in the atmosphere is a 
significant threat to planet Earth because it contributes to global 
warming. Lohmander (2020a) developed a differential equation model 
based on historical industrial emissions and observations of CO2 levels in 
the atmosphere. The model explains the dynamic relationships of CO2 
levels and can be used to determine the consequences that various 
changes to global emissions strategies would entail. The optimal prin
ciples to apply in making adjustments to general forestry strategies in 
order to counteract global warming problems are presented by 
Lohmander (2020b) and (2020c), in which the research investigates 
whether expanding active forests can contribute to reducing the CO2 
level in the atmosphere. Forests can help alleviate climate change in 
various ways, for instance by storing carbon in forest ecosystems and 
producing a renewable supply of material and energy products (Gus
tavsson et al., 2021). Forests also counteract global warming by 

absorbing CO2 emissions from fossil fuels (Pugh et al., 2019), and have a 
positive effect on climate change by providing harvested wood products 
to substitute fossil fuels and fossil-fuel-intensive materials, reducing 
anthropogenic emissions. However, using biomass as fuel releases CO2 
into the atmosphere, which affects the overall potential that forests 
represent for climate change mitigation, at least in the short term. In 
other words, in addition to carbon storage in forest ecosystems and 
harvested wood products, using wood to substitute fossil-fuel-intensive 
materials (product substitution) can have substantial benefits for the 
climate (Leskinen et al., 2018). 

However, in order to gain a comprehensive understanding of the 
carbon sequestration potential of forests, it is essential to consider the 
role of individual stands within the broader forest ecosystem. Although 
an individual stand may not contain a large volume of wood or carbon 
compared to the forest ecosystem, it still plays a pivotal role in the 
carbon cycle (Liu and Han, 2009). Sequential harvesting of a proportion 
of stand-level wood and its subsequent use as a substitute for fossil fuels 
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in various type of industry mitigates the amount of CO2 release into the 
atmosphere, especially over longer temporal scales (Mader, 2007; Liu 
and Han, 2009). 

Previous works have demonstrated that harvested wood products 
benefit the climate by eliminating the emissions linked to fossil-fuel- 
intensive materials and by storing carbon (Soimakallio et al., 2016; 
Alam et al., 2017; Hiltunen et al., 2021; Gustavsson et al., 2021; Valatin, 
2022). 

Optimization can be described, in general, as achieving the best re
sults with the available resources, either by minimizing or maximizing 
an objective criterion or by minimizing the number of resources needed 
to achieve a given objective. Forest management decisions can be 
optimized using, different scales at tree, stand, and forest landscape- 
level, and resolution in the decision space and in the state space. 

In some studies, e.g., Lohmander (1988a), (1989), the analysis is 
based on continuous descriptions of these spaces. In others, the details of 
the harvest schedule and dynamic and periodic time path of the stock 
level are important for optimization, e.g., Lohmander (1992a), (1992b) 
and Lohmander and Mohammadi (2008). 

Stand-level management policies can be optimized (Lohmander, 
1988a, 2000, 2007): by assuming certainty, risk, or uncertainty for 
continuous cover forestry (Lohmander and Fagerberg, 2022) or by 
rotation forestry (Lohmander, 1988b, 1990, 1991). Multi-objective 
optimization techniques have been previously employed in stand-level 
management to assess various ecosystem services (Diaz-Balteiro et al., 
2017). For instance, Johnston and Withey (2017) examined the eco
nomic and ecological outcomes of uneven-aged forest management by 
considering the value of carbon and random disturbances. Their study 
focused on stand-level optimization strategies. By incorporating carbon 
offsets into a Markov decision process (MDP) model, they found 
trade-offs between economic and ecological results over the long term. 
The research emphasized the sensitivity of optimal decisions to carbon 
prices, influencing ecological outcomes in forest management. Susaeta 
et al. (2022) conducted a study on stand-level optimization, determining 
the economic revenues and optimal forest management of uneven-aged 
loblolly pine, longleaf pine, and slash pine forests in the southeastern 
United States. Their analysis considered both timber and carbon bene
fits, examining the profitability and management strategies for the 
stands of these three pine species. Mohammadi Limaei and Mohammadi 
(2023) evaluated optimal forest harvesting practices in an uneven-aged 
forest in northern Iran, focusing specifically on economic and environ
mental objectives at stand-level, using Stochastic dynamic programming 
(SDP). 

The optimal management of forest resources may require incorpo
rating climate impacts on ecosystem productivity and harvesting rates. 
Climate change may have diverse effects on forest development and 
biodiversity through various mechanisms and interactions. In Europe, 
the projected impacts of climate change include a reduction in species 
ranges, alterations in forest productivity, increased natural and 
anthropogenic disturbances, and a decrease in the economic value of 
forest ecosystems. 

Significant climate benefits are derived from strategies that target 
high forest productivity and harvest levels, and efficient use of harvested 
woody biomass to substitute carbon-intensive energy and materials. The 
objective function is the sum of the economic net present value of wood 
production and the values of the climate effects. The values of climate 
effects are determined in respect of alternative forms of CO2 subsidies 
motivated by the desire to reduce the level of CO2 in the atmosphere 
and, consequently, global warming. 

This research goes beyond assessing the optimal production and 
substitution levels in stand-level management. It explores the com
plexities of dynamic forestry decisions to examine, e.g., how changes in 
climate-related CO2 subsidies impact induced by the types and levels of 
the following influential factors. These factors include the optimal stock 
level after harvesting, the optimal time interval between partial har
vests, and the optimal harvest volumes at different time scales. The 

significance of this research lies in its ability to enhance our under
standing of trade-off linkages within forest ecosystems and provide 
decision-makers with valuable insights to make informed, optimal 
decisions. 

2. Problem definition 

The objective function π (V1, t) is studied, with V1 representing the 
stock level immediately after harvest, for each harvest, length t is the 
time interval between harvests, and V2 the stock level immediately 
before harvesting for identical harvests carried out sequentially. These 
variables and dynamic connections are illustrated in Fig. 1. 

The objective function contains two parts, πA and πB. The first part 
represents the present economic value of forest production. The second 
part is the value of forestry activities that reduce the CO2 level in the 
atmosphere in different ways. 

The value of the forest in terms of CO2 is separated into two parts. 
The first is a climate value relating to the large volume of carbon not 
released into the atmosphere as CO2 as a result of retaining a large 
volume of wood in the forest, i.e., the climate value of retaining a large 
volume of timber in the forest. The second value is also climate-related; 
if some of this timber, when harvested sequentially, is used in power 
stations and as fuel for cars, etc. Instead of fossil fuels such as coal and/ 
or oil, these substituted fossil fuels remain underground and are not 
released into the atmosphere in the form of CO2. This second value for 
forests can be much greater than the initial CO2 effect in the long term. 
πA and πB are both functions of V1 and t. ϵ is also introduced, repre
senting a very short interval time. For more details see Supplementary 
Materials S.1.1. 

π(V1, t)= πA(V1, t)+ πB(V1, t),V1 > 0, 0< ε ≪ t, ε ≈ 0 (1) 

The initial stock level before harvesting is V0. This volume remains 
practically constant for the very short interval lengths. 

V(s)≈V0 0 ≤ s < ε1 < ε (2) 

The first harvest takes place after an interval of length ϵ2, removing a 
volume of wood, h0, from the forest. 

V(ε)=V0 − h0, ε ≥ ε1 + ε2 (3) 

At time ϵ, the remaining stock level is V(ϵ), which can also be 
denoted V1. The stock level then increases over time until the next 
harvest. See Fig. 1. 

dV(s)
ds

> 0, ε ≤ s < t + ε (4) 

Fig. 1. The graph illustrates the time path of stock level V(s) as a function of 
time s. Before the harvest sequence starts, the initial value of V(s) is V0. The first 
harvest volume, h0, reduces the stock level to V1. The stock is then left to grow 
for a time interval of length t. When the stock reaches level V2, the next harvest, 
of volume h1, takes the stock level back down to V1. An indefinite number of 
identical growth-and-harvest cycles follows. 
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h0 =V0 − V1 (5)  

V1 =V(ε) (6) 

At time t + ε, the stock level reaches V2, which can be considered a 
function of V1 and t. 

V2 =V2(V1, t) (7) 

The volume harvested repeatedly from the forest after the initial 
harvest h0, is h1. This can also be considered a function of V1 and of t. 

h1 =V2(V1, t) − V1 (8) 

The harvest path h(s) is therefore periodic and mostly has a zero 
value. 

h(s)= 0, ∀s∕= kt+ ε, k∈{0, 1, 2, ..., n}, n→∞ (9) 

In every cycle, the stock level returns to the level immediately before 
harvesting. 

V2 =V(kt+ s+ ε)=V(s+ ε),∀ε≤ s≤ t, k∈{0, 1, 2, ..., n}, n→∞ (10)  

In every cycle, the stock level also returns to the level immediately after 
harvesting. 

V1 =V(kt+ ε)=V(t+ ε),∀k∈{0, 1, 2, ..., n}, n→∞ (11) 

The time path of stock level V(s) is illustrated in Fig. 1. 

2.1. Maximization problem 

To maximize the objective function, the two decision variables V1 
and t are used. This problem is shown in (12). The first part of the 
objective function, πA, is the present value of forest production. The first 
harvest has the variable net price (price reduced by variable costs) PA0. C 
is the setup cost. In the following sequence of harvests, the net price is 
PA1. The rate of interest in continuous time is denoted r. PB1 and PB2 are 
prices that represent the CO2 effects of forestry. PB1 represents the price 
paid for the reduction in CO2 emissions achieved through active forestry 
and substitution operations, while PB2 represents the price paid for the 
amount of fossil fuels that can remain underground due to these oper
ations. These prices are used to calculate the profitability of the forest 
optimization problem and can be adjusted to study the effect of changes 
in the CO2 market on the optimal harvest interval and optimal stock 
level after harvest. 

max
V1 ,t

π(V1, t)= PA0 (V0 − V1) − c+
PA1 (V2(V1, t) − V1) − c

ert − 1
+ PB1 V0

∫∞

0

e− r2sds

+
(V2(V1, t) − V1)

t

∫∞

0

e− r2s(PB1 s+PB2 )ds

(12) 

We develop the suitable forms for the two first-order optimum con
ditions. For more details see Supplementary Materials S.1.2. 

dπ
dV1

= − PA0 +

⎛

⎜
⎝

PA1

ert − 1
+

∫∞

0

e− r2s(PB1 s + PB2 )ds

t

⎞

⎟
⎠

(
dV2

dV1
− 1

)

= 0 (13)  

dπ
dt

=
PA1

dV2
dV1

(ert − 1) − (PA1 (V2(V1, t) − V1) − c)rert

(ert − 1)2

+

∫∞

0

e− r2s(PB1 s + PB2 )ds

t

(
dV2

dt
−
(V2(V1, t) − V1)

t

)

= 0

(14)  

2.1.1. Observations of some second-order derivatives and second-order 
maximum conditions 

It is not sufficient to know the first-order optimum conditions to 
ensure that a maximum has been reached and/or determine whether it is 
unique; the second-order maximum conditions must also be investi
gated. In general, it is difficult to determine whether the second-order 
conditions are satisfied without several explicit assumptions about 
functional forms. Some parts of the second-order conditions, however, 
can be determined easily: 

d2π
dV1

2 =

⎛

⎜
⎝

PA1

ert − 1
+

∫∞

0

e− r2s(PB1 s + PB2 )ds

t

⎞

⎟
⎠

d2V2

dV1
2 < 0,

r > 0, t> 0,PA1 > 0,PB1 ≥ 0,PB2 ≥ 0,
d2V2

dV1
2 < 0

(15) 

The value of d2π
dt2 is more complicated to determine without making 

certain assumptions about functional forms. However, a unique 
maximum is assumed. 

⃒
⃒
⃒
⃒
d2π
dt2

⃒
⃒
⃒
⃒ < 0,

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

d2π
dV1

2
d2π

dV1dt

d2π
dtdV1

d2π
dt2

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

> 0 (16)  

2.2. Comparative statics analysis 

It can now be determined how the optimal forestry decisions are 
affected by parameter changes. The optimal harvest interval and optimal 
stock level directly after harvest were studied to see how they are 
affected by possible changes to the two CO2-related prices denoted PB1 
and PB2. 

2.2.1. Comparative statics analysis in the time interval dimension 
First, the optimal changes of the time interval between harvest t* 

were investigated, and the stock level V1 directly after harvesting left 
constant. B represents B1 and B2. 

d2π
dt2 dt∗ +

d2π
dtdPB

dPB = 0 (17) 

Equation (18) developed from equation (17). For more details see 
Supplementary Materials S.1.3. 

d2π
dtdPB2

=

∫∞

0

e− r2sds

t

(
dV2

dt
−
(V2(V1, t) − V1)

t

)

(18) 

The sustainable yield, with continuous harvesting, is a strictly 
concave function of the stock level. MSY denotes the unique maximum 
sustainable yield. VMSY denotes the stock level that maximizes the sus
tainable yield. 

Observation: t > 0 ∧ t→0.
(

dV2
dt −

(V2(V1 ,t)− V1)
t

)
is strictly positive for 

low values of V, zero for the MSY maximizing value of V, VMSY, and 
strictly negative for higher values of V. 

d2π
dtdPB1

=

⎧
⎨

⎩

> 0 if V2 < VMSY
= 0 if V2 = VMSY
< 0 if V2 > VMSY

⇒
dt∗

dPB1

=

⎧
⎨

⎩

> 0 if V2 < VMSY
= 0 if V2 = VMSY
< 0 if V2 > VMSY

(19)  

d2π
dtdPB2

=

⎧
⎨

⎩

> 0 if V2 < VMSY
= 0 if V2 = VMSY
< 0 if V2 > VMSY

⇒
dt∗

dPB2

=

⎧
⎨

⎩

> 0 if V2 < VMSY
= 0 if V2 = VMSY
< 0 if V2 > VMSY

(20) 
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Therefore, if PB1 and/or PB2 increase(s) and everything else remains 
the same, the optimal harvest interval increases if V2 < VMSY. The 
optimal harvest interval is not changed if V2 = VMSY, and the optimal 
harvest interval decreases if V2 > VMSY. Figs. 2 and 3 are a graphic 
illustration of the principles of the comparative statics analysis sum
marized in equations (19) and (20). 

2.2.2. Comparative statics analysis in the volume dimension 
The optimal change of the decision is now evaluated, where the 

optimal stock level is only changed directly after harvest V1*, and the 
time interval between harvests is left constant. The effects of changes to 
PB1 on V1* is based on equation (21) as follows: (more details in Sup
plementary Materials S.1.4.) 

dV1
∗

dPB1

=
− d2π

dV1dPB1

d2π
dV1

2

(21) 

The influences of PB2 on V1* was investigated by equation (22). For 
more details see Supplementary Materials S.1.4. 

dV1
∗

dPB2

=
− d2π

dV1dPB2

d2π
dV1

2

(22) 

To derive the signs of (21) and (22), more information is needed 
concerning the growth function. It is assumed that growth, at least 
locally, can be approximated by the logistic equation: 

V2 =V2(V1, t) (23) 

The following equation is derived and explained in detail by 
Lohmander and Zazykina (2010). It can be considered as an application 
of the formula developed by Verhulst (1838) (Bacaër, 2011). K denotes 
the carrying capacity of the environment. lim

t→∞
V2 = K, which follows 

from (24). 

V2 =V2(V1, t; .)=
1

1
K +

(
1

V1
− 1

K

)
e− at

, a > 0, t> 0 (24)  

V2 − V1 =
1

1
K +

(
1

V1
− 1

K

)
e− at

− V1 (25)  

d(V2 − V1)

dV1
=

dV2

dV1
− 1 (26)  

dV2

dV1
− 1=

(1 − eat)
(
V1

2eat − (K − V1)
2)

(V1eat + K − V1)
2 (27) 

If we assume that at > 0 ⇒ (1 − eat) < 0⇒ therefore, equation (28) is 
concluded. 

sgn
(

dV2

dV1
− 1

)

= sgn
(
−
(
V1

2eat − (K − V1)
2)) (28) 

From (S1) and (28), we can derive (29). For more details see Sup
plementary Materials S.1.5. 

sgn
(

d2π
dV1dPB

)

= sgn
(
V1

2(1 − eat)+K2 − 2KV1
)

(29)  

2.3. Calculations with very short time intervals 

If we assume that t→0 ⇒ (1 − eat)→0 ∧ V2 − V1→0 Hence, for very 
short time intervals, V ≈ V1 ≈ V2. Therefore the optimal changes with a 
very short interval were calculated as in the following equation (30): 

sgn
(

d2π
dV1dPB1

)

= sgn
(

d2π
dV1dPB2

)

= sgn
(
K2 − 2KV

)
(30) 

if we assume that K > 0, the optimal changes with a very short in
terval are calculated as in the following equation (31): 

sgn
(

d2π
dV1dPB1

)

= sgn
(

d2π
dV1dPB2

)

= sgn(K − 2V)= sgn
(

K
2
− V

)

(31) 

Consequently, in order to evaluate the optimal changes, three ob
servations were studied: 

If V ≈ V1 ≈ V2 < VMSY the optimal changes with a very short in
terval were greater than zero as in the following eaquation (32): 

sgn
(

d2π
dV1dPB1

)

= sgn
(

d2π
dV1dPB2

)

> 0 (32) 

If (V ≈ V1 ≈ V2 = VMSY) the optimal changes with a very short in
terval were equal zero as in the following equation (33): 

Fig. 2. The graph illustrates part of the comparative statics analysis. If the 
value of V2 is lower than the stock level that would maximize the sustainable 
yield with continuous harvesting, VMSY, then the optimal time interval between 
harvests, t*, is a strictly increasing function of the climate-related price PB, 
which represents PB1 and PB2. The optimal solution moves from P1, via P2, to P3. 
See equations (19) and (20). 

Fig. 3. The graph illustrates part of the comparative statics analysis. If the 
value of V2 is higher than the stock level that would maximize the sustainable 
yield, VMSY, with continuous harvesting, then the optimal time interval between 
harvests, t*, is a strictly decreasing function of climate-related price PB, which 
represents PB1 and PB2. The optimal solution moves from P1, via P2, to P3. See 
equations (19) and (20). 
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sgn
(

d2π
dV1dPB1

)

= sgn
(

d2π
dV1dPB2

)

= 0 (33) 

If V ≈ V1 ≈ V2 > VMSY the optimal changes with a very short inter
val were less than zero as in the following equation (34): 

(V ≈ V1 ≈V2 >VMSY)⇒sgn
(

d2π
dV1dPB1

)

= sgn
(

d2π
dV1dPB2

)

< 0 (34)  

2.4. Calculations with longer time intervals 

If t increases from zero, then (1 − eat) becomes more negative. As a 
result, (V1

2(1 − eat)+K2 − 2KV1) becomes more negative. 

sgn
(

d2π
dV1dPB1

)
= sgn

(
d2π

dV1dPB2

)
and 

(
dV2
dV1

− 1
)

may become strictly nega

tive even if V1 ≤ K
2. 

2.5. Conclusions in the volume dimension 

According to equations (32)–(35), as t→0: dV1
∗

dPB1
=

− d2π
dV1dPB1

d2π
dV12 

and dV1
∗

dPB2
=

− d2π
dV1dPB2

d2π
dV12 

are strictly positive for V < VMSY, zero for V = VMSY and strictly 

negative for V > VMSY. These results are illustrated in Figs. 4 and 5. 

If the time interval is not very short, dV1
∗

dPB1
=

− d2π
dV1dPB1

d2π
dV12 

and dV1
∗

dPB2
=

− d2π
dV1dPB2

d2π
dV12 

are strictly positive for low values of V1, zero for a particular value of V1, 
V1<VMSY and strictly negative for larger values of V1. 

2.6. Comparative statics analysis in two dimensions 

In the derivations below, the qualitative effects (direction of 
changes) of the decision variables are investigated if the imaginary 
parameter PB should increase, representing PB1 and PB2. Since 

sgn
(

d2π
dV1dPB1

)
= sgn

(
d2π

dV1dPB2

)
and sgn

(
d2π

dtdPB1

)
= sgn

(
d2π

dtdPB2

)
, and since 

complementary assumptions are made (below), the results derived and 
reported below with respect to the imaginary parameter PB are relevant 

to both parameters PB1 and PB2. 
⎡

⎢
⎢
⎢
⎣

d2π
dV1

2
d2π

dV1dt

d2π
dtdV1

d2π
dt2

⎤

⎥
⎥
⎥
⎦

[
dV1

∗

dt∗
]

=

⎡

⎢
⎢
⎢
⎣

−
d2π

dV1dPB
dPB

−
d2π

dtdPB
dPB

⎤

⎥
⎥
⎥
⎦

(35) 

The existence of a unique maximum is assumed. 

⃒
⃒
⃒
⃒

d2π
dV1

2

⃒
⃒
⃒
⃒< 0,

⃒
⃒
⃒
⃒
d2π
dt2

⃒
⃒
⃒
⃒< 0, |D| =

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

d2π
dV1

2
d2π

dV1dt

d2π
dtdV1

d2π
dt2

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

> 0 (36)  

dV1
∗

dPB
=

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

−
d2π

dV1dPB

d2π
dV1dt

−
d2π

dtdPB

d2π
dt2

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

|D|
=
− d2π

dV1dPB
d2π
dt2 +

d2π
dtdPB

d2π
dV1dt

|D|
(37)  

dt∗

dPB
=

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

d2π
dV1

2 −
d2π

dV1dPB

d2π
dtdV1

−
d2π

dtdPB

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

|D|
=
− d2π

dV1
2

d2π
dtdPB

+ d2π
dtdV1

d2π
dV1dPB

|D|
(38)  

2.6.1. Special assumptions of relevance to the two-dimensional comparative 
statics analysis 

d2π
dtdV1

= ε1 < 0. ABS(ε1) is very small. We have a unique maximum. 
|D| > 0. 

As a consequence, 

dV1
∗

dPB
=

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

−
d2π

dV1dPB

d2π
dV1dt

−
d2π

dtdPB

d2π
dt2

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

|D|
=
− d2π

dV1dPB
d2π
dt2 +

d2π
dtdPB

ε1

|D|
≈

− d2π
dV1dPB

d2π
dt2

|D|
(39) 

Fig. 4. The graph illustrates part of the comparative statics analysis. If the 
value of V2 is lower than the stock level that would maximize the sustainable 
yield, VMSY, with continuous harvesting, and the time interval between harvests 
is shorter than the short time interval η > 0, then the optimal stock level 
directly after harvesting, V1*, is a strictly increasing function of the climate 
related price PB, which represents PB1 and PB2. Note that the highest possible 
value of η, for which the signs of the derivatives remain constant, cannot be 
determined without very specific growth function information. The optimal 
solution moves from P1, via P2, to P3. 

Fig. 5. The graph illustrates part of the comparative statics analysis. If the 
value of V2 exceeds the stock level that would maximize the sustainable yield, 
VMSY, with continuous harvesting, and the time interval between harvests is 
shorter than the short time interval η > 0, then the optimal stock level directly 
after harvesting, V1*, is a strictly decreasing function of the climate related 
price PB, which represents PB1 and PB2. Note that the exact value of the highest 
possible value of η, for which the signs of the derivatives remain constant, 
cannot be determined without very specific growth function information. The 
optimal solution moves from P1, via P2, to P3. 
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dt∗

dPB
=

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

d2π
dV1

2 −
d2π

dV1dPB

d2π
dtdV1

−
d2π

dtdPB

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

|D|
=
− d2π

dV1
2

d2π
dtdPB

+ ε1
d2π

dV1dPB

|D|
≈

− d2π
dV1

2
d2π

dtdPB

|D|
(40)  

sgn
(

dV1
∗

dPB

)

= sgn
(

d2π
dV1dPB

)

(41)  

sgn
(

dt∗

dPB

)

= sgn
(

d2π
dtdPB

)

(42)  

3. Results 

As found in the earlier part of this analysis, the partial derivatives 
(41) and (42) also gave the same signs when derived via comparative 
statics analysis based on one-dimensional optimization. If the initially 
optimal value of V1 is lower than the stock level VMSY, and the time 
interval between harvests t is sufficiently short, then the initially optimal 
values of V1 and t increase if PB (PB1 and/or PB2) increase(s). If the 
initially optimal value of V1 is lower than VMSY, and t is sufficiently long, 
then V1 and t may increase, be unchanged, or decrease if PB (PB1 and/or 
PB2) increase(s). If the initially optimal value of V1 is equal to VMSY, and t 
is very short, then V1 and t are not changed if PB (PB1 and/or PB2) in
crease(s). If the initially optimal value of V1 is higher than VMSY, and/or t 
is sufficiently long, then V1 and t decrease if PB (PB1 and/or PB2) increase 
(s). 

To assess the effectiveness of our proposed stand-level optimization 
framework, we conducted a study comprising five different scenarios. 
The primary objective of the study was to observe the trend of optimal 
values and determine how the optimal harvest interval and optimal 
stock level are impacted by possible changes to the two CO2-related 
prices, PB1 and PB2. Based on previous study in Sweden by Lohmander 
and Zazykina (2010), the initial stock level before harvesting, net wood 
price, setup cost, and real interest rate were considered as being 300 m3 

per ha, €20 per m3, €50 per ha, and 0.03 respectively. In the first sce
nario (M0), which we referred to as the Baseline scenario, it was assumed 
that no changes were made to the initial conditions and parameters. In 
the second scenario (M1), the net wood price and setup cost as the first 
scenario were maintained, but the real interest rate was decreased to 
0.02. In the third scenario (M2), the price paid for reducing CO2 emis
sions was achieved through active forestry and substitution operations. 
We increased it to €0.5 per tonne of CO2. In the fourth scenario (M3), a 
significant increase in the price was paid for the reduction in CO2 
emissions achieved (an increase to €2 per tonne of CO2), and in the final 
scenario (M4), the price paid for the amount of fossil fuels was increased 
to €10 per tonne of CO2. By analyzing these scenarios, we were able to 
gain insights into the behavior of the optimal values of the decision 
variables under different conditions. This information is invaluable for 
forest managers and policymakers seeking to optimize the use of forest 
resources while balancing economic and environmental factors. 

To incorporate the stand-level optimization perspective, we consid
ered a specific forest growth model with fixed parameter values, namely 
a = 0.05 and K = 400, based on the logistic growth function developed 
by Lohmander and Zazykina (2010) for a forest case study in Sweden. 
The following differential equation represents the forest growth model: 

ẋ=
dx
dt

=
1

20
x −

1
8000

x2 (43) 

In addition, the optimal stock level immediately after harvest, V2, 
was determined based on equation (24) by Lohmander and Zazykina 
(2010): 

V2 =
1

1
400 +

(
1

30 −
1

400

)
∗ e− 0.05t

(44) 

We used the LINGO software, a mathematical modeling and opti
mization tool to obtain the optimal solutions for each scenario. By 
solving the stand-level optimization problem, the optimal solutions for 
each scenario were obtained (Fig. 6). 

Fig (6) demonstrates the comparative analysis between four different 
scenarios (M0, M1, M2, M3 and M4) relating to the impact of raising the 
value of PB1 and PB2 on the optimal values of V1 and t. The trend can be 
observed in the results of the comparison between the initially optimal 
scenario M0 and scenarios M1 and M2, where PB1 is raised from 0 to 0.5. 
In both scenarios, an increase in the optimal value of V1, relative to M0, 
is observed, while a decrease in the optimal value of t is noted. It is 
suggested that an increase in PB1 may lead to an increase in the stock 
level (V1) and a reduction in the interval between harvests (t), which can 
prove advantageous in the short term. The observed pattern can be 
discerned by comparing the outcomes of scenario M2 with scenario M3, 
in which the value of PB1 is raised from 0.5 to 2; the optimal value of V1 
continues to increase compared to M2, while the optimal value of t de
creases slightly. However, in scenario M4, where PB2 is increased to 10, 
the optimal values of t decrease significantly compared to M3. 

4. Discussion 

From a practical and applied perspective, it is often convenient to 
have a theoretical model that gives a simple answer to a question and is 
not dependent on several unknown conditions and parameters. With 
such a model, fewer investigations into the true nature of the situation 
are required, which saves on costs, and the results are more easily 
communicated. This paper shows that using comparative statics anal
ysis, we cannot correctly answer crucial questions about optimal stand- 
level management decisions under adjusted CO2 subsidies if important 
parameters in the forest management problems are unknown. The CO2- 
related types of subsidies for forestry defined, analyzed and discussed in 
this paper are designed to enable reductions in global warming by 
reducing the CO2 in the atmosphere as a result of rationally-adjusted 
stand-level management decisions. 

There are two important, concrete applications for these new results, 
as follows: 

Decisions made at the stand-level can provide significant implica
tions to address challenges at broader scale of forest landscape. Large 
parts of the world, the interiors of the Russian Federation and Canada in 
particular, have very high stock levels and very long-time intervals be
tween harvests, and some forest areas are never harvested at all. In these 
areas, the stock levels should be reduced and the time intervals between 
harvests shortened in order to reduce global warming, and subsidies to 
rational CO2-related forests should be increased. 

Chen et al. (2018) assessed the greenhouse gas effects of harvested 
wood products made from managed forests in Canada. Their results 
showed that sustainable forest harvesting reduces greenhouse gas 
emissions in the long term. Studies by Cintas et al. (2017) support our 
results. They confirmed that short rotations and more frequent harvests 
are often suggested as possible solutions to reduce carbon emissions into 
the atmosphere. Highly-stocked forest ecosystems will progressively 
become an undiscovered source of greenhouse gases in the future, with 
increasing forest age and stocking. With larger stocks and older forests, 
the potential CO2 emissions are greater, according to studies by Seidl 
et al. (2014), Allen et al. (2015), Millar and Stephenson (2015), Seidl 
et al. (2017) and Thom and Seidl (2016). A study conducted by Forzieri 
et al. (2021) revealed that the wood stored in the ecosystem only 
‘compensates’ for the rise in atmospheric fossil CO2 without affecting 
emissions. Harvested wood, on the other hand, contributes to reducing 
the use of fossil fuels. In addition, eliminating fossil fuel use by product 
and energy substitution is permanent, while carbon storage in the 
ecosystem is temporary, given the liability of forest carbon stocks and 
associated risks. Harvesting highly-stocked forests also makes a positive 
contribution to substitution. Carbon loss from the biosphere occurs with 
decomposition and biomass burning. The scant recognition of on-site 
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forest-harvested products as a positive contribution to mitigating 
climate policy undermines the willingness of private owners and public 
bodies to take care of forests and the landscape (Schulze et al., 2022). 

In the present analysis, however, we have seen that in areas with 
short time intervals between harvests and low stock levels, the optimal 
time intervals between harvests and stock levels after harvesting 
simultaneously increase under the influence of global warming and 
rationally-used CO2 subsidies. 

According to a study by Lin and Ge (2020), forests can generate 
carbon sinks without the harvests and bioenergy produced by wood 
products, by substituting fossil fuels with harvests. As a result, bioenergy 
generated from wood fuel from forests and carbon sinks are two 
important ways in which forests can alleviate climate change. Upmann 
and Behringer (2020) confirmed that a longer period of harvesting is 
required if the maximal harvesting rate is low. In this case, the maximal 
harvest rate is high, so the agent can afford to postpone the start of 
harvesting. It can be concluded that carbon neutrality has important 
implications for forest management: any net savings in emissions 
resulting from disturbances, by using harvested wood as biofuel to 
replace fossil fuels, for example, Butarbutar et al. (2016), can play a 
positive role in mitigating global climate change. In general, a balance 
must be found between the contribution that forests make to climate 
change mitigation and maintaining the many ecosystem services that 
forests provide (Molina et al., 2022). 

5. Conclusions 

The general principles of adjusting optimal, detailed, stand-level 
management, such as the time interval between harvests and the stock 
level directly after harvesting, to CO2-related subsidies have been 
determined using general mathematical methods. This is a crucial step in 
the process of giving forest owners and forestry companies all over the 

world the economic motivation to use forest resources in the best 
possible way to combat the problem of global warming. The principles 
can be applied in any country where the fundamental parameters or 
relevance can be determined. The research topics suggested below are to 
be encouraged in the interest of an environmentally and economically 
rich and stable world. 

For further advances in this field, we recommend our developed 
analytical optimization model to be applied into empirically- and 
numerically-based case studies, using forest data from different regions 
of the world, where uneven-aged silviculture is practiced. The model 
should also be generalized and extended to include adaptive control 
options and stochastic elements in the climate process. With this model 
structure, the latest predictable developments rather than earlier ones 
can also be managed sequentially. Other modeling approaches and 
general results relating to decision optimization problems of this type 
can also be explored in Lohmander (2019a, 2019b, and 2022), and 
Lohmander and Fagerberg (2022). 
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Fig. 6. Comparative analysis of four different scenarios (M0, M1, M2, M3 and M4) concerning the impact of raising the value of PB1 and PB2 on the optimal values of V1 
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