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Abstract

* The production of new apartments in Sweden, has varied strongly during the period from 1975 to 2021. A new statistical function,
which explains these production changes, has been developed. This function is designed, based on a set of hypotheses, of how the
production level should be affected by different explaining factors; the GNP, the size of the population, the growth of the
population, and the cost of construction.

* The following hypotheses could not be rejected: The apartment production is a strictly increasing and strictly convex function of
GNP, and a strictly increasing function of the size of the population, and of the growth of the population. The apartment
production is a strictly decreasing function of the cost of construction.

* The parameters of the statistical function have been estimated with high precision, via multiple regression analysis. It was not
possible to detect heteroscedasticity via residual analysis. Furthermore, no indications that nonlinear transformations would
improve the selected model were found. The apartment production model contains a strongly significant negative time trend.

* The estimated function is used to predict the future apartment production, until year 2050. The predictions are based on assumed
growth levels of GNP and the population, and on alternative future time trends of the construction cost index.

* |f the real construction cost index will continue to grow with the same average trend as from year 1993 to 2021, then the future
apartment construction level will stay almost constant, at 40 000 apartments per year, until year 2050. If the future real
construction cost index will stay constant at the 2022 level, then the production of new apartments will grow to almost 90 000
apartments per year, in year 2050. If the real construction cost index can be decreased to the 1993 level, then the production of
new apartments will grow to almost 130 000 apartments per year, in year 2050.



Contents:

* Empirical background from Sweden.

* Generation of some hypotheses (via constrained nonlinear
optimization) concerning how the number of constructed apartments
should be affected by changes of some explaining variables.

e Statistical tests of hypotheses.

* Conditional predictions of future numbers of constructed apartments.
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Figure 1.

Number of apartments finished in Sweden, A(t), from year
1975 to 2021. Source: Statistics Sweden (2023).
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Figure 2.

Real Gross National Product in Sweden, G(t), from year 1975 to
2021. Unit: Billion SEK, real prices in the price level of 2022.
Source: Statistics Sweden (2023).
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Figure 3.
Population growth per year in Sweden, P(t)-P(t-1), from year
1975 to 2021. Compare Figure 4, where P(t) is found. Source:
Statistics Sweden (2023).
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Figure 4.

Population in Sweden, P(t), from year 1975 to 2021. Source:
Statistics Sweden (2023).
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Real building cost index in Sweden, C(t), from year 1975 to
2021. The index takes the value 100 in year 2022. Source:
Statistics Sweden (2023).



Generation of some hypotheses (via constrained nonlinear
optimization) concerning how the number of constructed
apartments should be affected by changes of some explaining
variables:

In the general utility optimization problem,

we simultaneously consider investments in living space, S,
investments in other fundamental investments, F,

and the total budget, B.
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Assumed functional form of the utility of S as a function of S.
The parameters are found in Table 1.
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Assumed functional form of the utility of F as a function of F.
The parameters are found in Table 1. >
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The utility, U

as a function of F and S.
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L = le—%FersOLN(slS)Jr/l(B— p:F —psS)

In the optimization, we only consider interior solutions, where S >0, F > 0
and the marginal value of B, the “shadow price of the budget”, are strictly
positive.

Then, according to the Karush- Kuhn- Tucker- conditions, the following
three simultaneous equations must be satisfied by the optimal solution.

In the later part of the analysis, we will find that the optimal values of S, F
and the shadow price, really are strictly positive, when they are determined
from the three simultaneous equations, which confirms that the initial
assumptions were correct.
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L = le—%FersOLN(slS)JrA(B— peF — psS)

These equations give the interior optimal solution:

(

& f_fF-pa =0 (4.2)
adF

aL _

adL

J: —pFF—pSS-I-B ZO (4C)
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Two different real solutions of F, denoted F1 and F2, are found.

F1 is the solution when the negative sign is selected before the square root
expression and F2 is obtained if the positive sign is used.

One of these F- values, F1, will satisfy the budget constraint.
F1 contributes to the maximization of the utility function.

F2 does not satisfy the budget constraint and can be shown to lead to an
unfeasible minimum.

22



The optimization problem contains a strictly concave objective function
and a linear constraint.

If the first order optimum conditions are satisfied and the solution is
feasible, the solution is a unique and feasible maximum.

The optimal value of S can now be found via F = F1 and the parameters.

Then, the shadow price of the budget, can be derived.

Finally, the optimal value of U is found via the parameters, F1 and S.
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Table 1.
A computer code with a numerical specification of the optimization problem. The code also derives

the explicit optimal analytical solutions.

max = U;

U=f1*F-f2/2*FA2 + sO*@LOG(s1*S);

[budget] pf*F + ps*S < B;
f1=20;f2=1;s0=20;s1=0.5; pf=1; ps=1; B=10;

S_opt =s0/(f1-f2*F_opt)*(pf/ps);

F_not_feasible = f1/(2*f2) + B/(2*pf) + ((f1/(2*f2) + B/(2*pf))*2 + sO/f2 - B*f1/(pf*f2) ) ~0.5;
F_opt=1f1/(2*f2) + B/(2*pf) - ((f1/(2*f2) + B/(2*pf))*2 + sO/f2 - B¥f1/(pf*f2)) ~0.5;

U opt=f1*F opt-f2/2*(F_opt)*2+ s0* @LOG(s1*S_opt);

Lambda_opt = s0/(ps*S_opt);

end




Table 2.

Results from the computer code with a numerical specification of the optimization problem.

Variable
U

Fl

F

F2

SO

S1

S

PF

PS

B

S OPT
F_OPT

F NOT FEASIBLE

U OPT

LAMBDA OPT

Value
128.3049
20.00000
8.291796
1.000000
20.00000

0.5000000

1.708204
1.000000
1.000000
10.00000
1.708204
8.291796
21.70820
128.3049
11.70820

Reduced Cost

0.

O O O o o

0.1189181E-06

O OO O oo oo

000000

.000000
.000000
.000000
.000000

000000

.000000
.000000
.000000
.000000
.000000
.000000
.000000
.000000
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Figure 9.

Optimal decisions for alternative levels of the budget B. The
optimization problem is defined in equations (1) and (2). All
parameters, except for B, have the numerical values defined in
the computer code in the numerical example, in Table 1.
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(This can also be

shown with more
general functional
forms. Then, however,
the procedure may be
more difficult to follow.)

S_opt(B)
Is a

strictly
convex
function

26



= = () (o)
o () o un

Marginal capacity value
Wi

Figure 10.

The marginal capacity value of the budget, A, Lambda, for alternative levels of the budget B. The
optimization problem is defined in equations (1) and (2). All parameters, except for B, have the
numerical values defined in the computer code in the numerical example, in Table 1.
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The optimal objective function value, U, for alternative levels of the budget B. The optimization problem is
defined in equations (1) and (2). All parameters, except for B, have the numerical values defined in the computer
code in the numerical example, in Table 1. We observe that the optimal objective function value is a strictly

increasing and strictly concave function of B. -



H1. The apartment production is a strictly increasing and strictly convex function
of GNP.

If the number of apartments, A, increases, then the living space, S, increases.

In the statistical analysis, we may consider the gross national product, GNP, to be
proportional to the budget, B.

In case the investment process really maximizes the utility of the people in the
country: The optimal production of apartments, A, should be a strictly increasing
and strictly convex function of the gross national product, the GNP.

The exact and relevant level of convexity of the relationship between the
apartment construction level and the GNP level is not known. We assume that
the GNP should be raised to 1.5 to reflect how it influences the apartment
construction level.
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Table 3.

The four hypotheses.
Index Hypothesis
H1 The apartment production is a strictly increasing function of (GNP)?*~
H2 The apartment production is a strictly increasing function of P.
H3 The apartment production is a strictly increasing function of dP/dt.
H4 The apartment production is a strictly decreasing function of C.




Statistical tests of hypotheses



Table 4.
Variables in the regression analysis.

Variable | Explanation Unit

t Time Year.

G(t) GNP = Gross National Product Billion SEK, real values, in the prices level of the year
2022.

P(t) Population Number of individuals.

dP/dt(t) | Population growth peryear Number of individuals per year.

(approximated from P(t)-P(t-1))
C(t) Real building cost index The index is 100 in the year 2022.




Regression function:

A:klel'5+k2xP+k3x(iiT Fk, xC +ky x(t—1975) + ¢,




Table 5.
Regression statistics part 1.

Regression Statistics

Multiple R 0.977451718
R Square 0.955411861
Adjusted R Square 0.927355848
Standard Error 8874.547727

Observations 47
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Table 6.
Regression statistics part 2.

ANQVA

df 5SS MS F Significance F
Regression 5 70878257812 14175651562 179.9909093 9.0939E-27
Residual 42 3307819089 78757597.36

Total 47 74186076901




Table 7.

Regression statistics part 3.

Coefficients  Standard Error tStat P-value
Intercept 0 HN/A HN/A HN/A
GM1.5 0.576758329 0.110911724 5.200156572 5.54572E-06
P 0.010316769 0.003633695 2.839195213 0.00694128
C -1233.47247 579.7902563 -2.127446015 0.039297794
t-1975 -4810.590291 655.7533601 -7.335975053 4.82588E-09
dPdt 0.302168062 0.060842548 4.966393914 1.1872E-05

36



Regression function with optimized parameters:

A=0.57676x G +0.010317 x P+ 0.30217

X dp —1233.5xC —-4810.6 x (t —1975) + &,

dt
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Figure 12.

The number of produced apartments, A, during the years 1975 to 2021: True values (Apart, blue) and
predictions (Predicted Apart, red) according to the estimated function, for different values of the factor
G1>, the GNP raised to 1.5.
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The residuals for different values of G1->.
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Figure 13.

The number of produced apartments, A, during the years 1975 to 2021: True values (Apart, blue) and
predictions (Predicted Apart, red) according to the estimated function, for different values of the factor P,
the size of the population.
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The residuals for different values of P.
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The number of produced apartments, A, during the years 1975 to 2021: True values (Apart, blue) and

predictions (Predicted Apart, red) according to the estimated function, for different values of the factor dP/dt,

an approximation of P(t)-P(t-1), the growth of the population.
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The residuals for different values of dP/dt.
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The number of produced apartments, A, during the years 1975 to 2021: True values (Apart, blue) and predictions

(Predicted Apart, red) according to the estimated function, for different values of the factor C, the real building
cost index.
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The residuals for different values of C.
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Figure 16.

The number of produced apartments, A, during the years 1975 to 2021: True values (Apart, blue) and predictions
(Predicted Apart, red) according to the estimated function, for different values of the factor t-1975.
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The residuals for different values of t-1975.
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Conditional predictions of future numbers of constructed apartments:

The estimated function is used to predict the future apartment production, until
year 2050. The predictions are based on assumed growth levels of GNP and the
population, and on alternative levels of the cost of construction.

In Figure 17, we find the GNP prediction, based on the assumption that the
derivative of GNP with respect to time will be the same as the average value of the
derivative during the time period 1975 to 2021.

In Figure 18, the population prediction is illustrated. The hypothesis is that the
derivative of P with respect to time will be the same as the average value of the
derivative during the time period 1975 to 2021.
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Figure 17.

The future time path of GNP, G, from year 2021 to 2050, under the assumption that the derivative of
GNP with respect to time will be the same as the average value of the derivative during the time
period 1975 to 2021.
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Figure 18.

The future time path of the population, P, from year 2021 to 2050, under the assumption that the
derivative of P with respect to time will be the same as the average value of the derivative during the time
period 1975 to 2021.
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Figure 20.

The future time paths of A from year 2021
to 2050, under four alternative
assumptions. Compare Figure 19, where the
alternative assumptions are illustrated.

c_dc_low (green): C decreases. The trend is
(-1) x the trend during the time period 1993
to 2021.

¢_Case 0 (black): Cincreases according to
the trend during the time period 1993 to
2021.

c_dc_high (red): Cincreases according to 2 x
the trend during the time period 1993 to
2021.

c_dc_zero (blue): C stays constant at the
level of 2021.
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Summary of the prediction results:

If the real construction cost index will grow with the same average time trend
as from year 1993 to 2021, then the future apartment construction will stay
almost constant, at 40 000 apartments per year, until year 2050.

If the future real construction cost index stays constant at the 2022 level, then
the production of new apartments will grow to almost 90 000 apartments per
year, in year 2050.

If the real construction cost index can be decreased to the 1993 level, then
the production of new apartments will grow to almost 130 000 apartments
per year, in year 2050.

If the future real construction cost index will grow two times more rapidly
than the average level from 1993 to 2021, then the production of apartments
will stop completely in 2050.
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Discussion (part):

The signs of third derivatives of functions sometimes turn out to be of
fundamental importance to optimal decision making. This is particularly relevant
and true in multi period models, when stochastic processes and adaptive
decisions are optimized, as reported by Lohmander (1988).

The author encourages future research in the construction area to be directed
towards multi period optimization and sequential decision making under risk.

Lohmander (2018) describes alternative adaptive stochastic dynamic optimization
methods that may be useful in this context. In this research, it is important to
explicitly handle risk in predictions of future demand, prices, GNP, immigration,
and other factors of relevance.
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